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Preface

Wave propagation in solids remains to be an active topic of research in solid mechanics be-
cause of the development of new engineering materials required to meet advanced technological
needs. The complex behavior of such materials demands a closer interaction between numerical
analysts and experimentalists in order to provide a response to dynamical loadings.

Recent years have witnessed the development of innovative numerical schemes for the approx-
imation of dynamic problems in solid mechanics. These methods have allowed the robust
integration of very complex problems, often obtaining at the same time accurate pictures of the
underlying dynamical behavior. Whereas the available integrators can handle very effectively
standard models, there is still need to advance the capabilities in solving transient problems
where multiple scales and physical phenomena interact, where the solution is non-smooth, and
where computational cost remains a bottleneck.

The objective of this conference is to bring together researchers from the related fields to discuss
recent advances and exchange new ideas on novel experimental and computational methods for
the prediction of the response of heterogeneous materials at various strain rates and loading
conditions. Topics for discussion at the conference include:

• Nonlinear, shock and plastic waves in solids

• Dynamics of complex materials

• Waves in heterogeneous and anisotropic materials

• Waves in metamaterials and periodic structures

• Waves in plates and shells

• Waves in composite materials

• Numerical methods for wave propagation

• Acoustic problems and fluid structure interactions

• Detection of defects in materials

• Nondestructive testing of materials

• Seismic waves

• Experimental methods in wave propagation problems

The selected papers will appear in special issues of the Wave Motion and in the Computers &
Mathematics with Applications. The editors would like to thank all the contributors who made
the conference and this book possible. Deep gratitude is also extended to all the members of
the scientific committee, the members of the local organizing committee, and our colleagues,
namely Jǐŕı Plešek, Dušan Gabriel, Jan Masák, Michal Mračko, Pavel Formánek and Dagmar
Tittlová.

September 2018 R. Kolman, A. Berezovski,
Prague A. Kruisová
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VENUE, LOCATION and SOCIAL PROGRAMME

Conference Venue

The conference room takes place at the J. Heyrovský Institute of Physical Chemistry of the
CAS, v. v. i., Doleǰskova 2155/3, 182 23 Prague 8.

Transportation

Air – There are direct connections from most major cities to Prague’s Václav Havel Airport.

Ground – The best method of getting from Václav Havel Airport to the conference area is by
taking bus line 119 to Nádraž́ı Veleslav́ın and then metro line A (green) to Muzeum
and metro line C (red) to Ládv́ı station. This 50 minutes trip will cost 32CZK. De-
tailed info about public transportation can be found on Prague Public Transport website
http://www.dpp.cz/en/. Here is the ground and tram transit scheme:
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Social programme

The Welcome drink takes place at the Pizzeria Giovanni on Sunday, September 16, 2018,
5PM - 7PM. Address: Střelničná 1826/35, 182 00, Praha 8. The Metro station Ládv́ı, line C
(red).

The conference banquet takes place at the terrace of the restaurant Villa Richter on
Wednesday, September 19, 2018, 7PM - 9PM. Address: Staré zámecké schody 6/251, 118 00,
Praha 1, Pražský hrad. The Metro station Malostranská, line A (green).
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González J. A., Kopačka J., Kolman R., Cho S. S., Park K. C. 53

RECIPROCAL MASS MATRICES FOR ISOGEOMETRIC ANALYSIS VIA
THE METHOD OF LOCALIZED LAGRANGE MULTIPLIERS

14



Wave modelling 2018 Prague, Czech Republic, 17–21 Sep 2018

Grabec T., Sedlák P., Seiner H., Landa M. 55

RITZ-RAYLEIGH APPROACH: NUMERICAL CALCULATION OF
WAVES IN PLATES OF HIGH ANISOTROPY

Hirsekorn S. 57

ELASTIC WAVE PROPAGATION AND SCATTERING MODELLING
ASSISTED NONDESTRUCTIVE TESTING AND MICROSTRUCTURED
MATERIALS EVALUATION
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Růžek B., Pšenč́ık I. 103
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ABSTRACTS





 

3D METHOD AND CODES FOR FLUID STRUCTURE INTERACTION 
PROBLEMS IN EULER VARIABLES  

 

M.H. Abuziarov 
 

Research institute for mechanics of Nizhnii Novgorod state university, Russia; e-mail: abouziar@mech.unn.ru 

 
Keywords: Godunov method, elastic plastic flows, fluid structure interaction 
 

The 3D codes based on the explicit numerical method for modeling shock wave and fluid structure 
interaction problems in Euler variables are presented. The method is based on the modified Godunov 
scheme of increased accuracy, uniform for solving equations of fluid dynamics and elastic-plastic flows [1]. 
The increase of the scheme accuracy is achieved by using 3D spatial time dependent solution of the 
discontinuity problem (3D space time dependent Riemann's solver). The same solution is used to calculate 
the interaction at the fluid-solid surface (Fluid Structure Interaction problem). 

These codes do not require complex 3D mesh generators, only the surfaces of the calculating objects as the 
STL files created by CAD systems, which greatly simplifies the preparing the task and makes it convenient 
to use directly by the designer at the design stage. To set the initial geometry and follow the deformation of 
the calculating domains in the process of interaction it is enough to take into account the interacting 
surfaces constituted by a set of triangles. Fixed Cartesian grid and local mobile grids associated with each 
triangle of the surface are used. The flow parameters are interpolated from the Cartesian grid to the local 
grids and vice versa.  

  The results of the test solutions and applications related to the generation and extension of the detonation 
and shock waves, loading the constructions are presented.  
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BEHAVIOUR OF Ti6Al4V AUXETIC HONEYCOMB                                 

STRUCTURE UNDER DYNAMIC LOADING 
 

R. Acevedo1,2*, R. Kolman2, J. Trnka2, D. Mochar2 and D. Gabriel2
 

 

 
1Department of Mechanical Engineering, UFSC, Brazil  

2Institute of Thermomechanics, CAS, v.v.i., Prague, Czech Republic  
  

Keywords: titanium alloy, selective laser melting, auxetic materials, impact loading. 

 
Typically, most of the materials have a Poisson’s ratio between 0.2 and 0.4. Poisson’s ratio is a non-

dimensional ratio defined as the fraction between longitudinal elongation and lateral compression after a 

uniaxial traction effort. It yields the definition as  

� � �
�����	
��	�

�����
 (1) 

This ratio allows the characterization of matter contraction perpendicular to the applied effort direction [1]. 

Considering only isotropic materials, the values for this elastic parameter are comprised in the interval [-1, 

0.5]. The maximum value of ν is 0.5 and it corresponds to the case of an incompressible material (natural 

rubber) while that the case ν = 0 corresponds to a very little or zero lateral expansion after a compression effort, 

as it is observed for cork.  

Nevertheless, there is a class of materials which present a negative Poisson ratio, those are called auxetic (first 

introduced by Evans), derived from the Greek word auxetikos, defined as “that which tends to increase” [2]. 

Auxetic behaviour can be either intrinsic or obtained by several re-entrant geometries, as shown in Fig. 1 [2]. 

These geometries can also be extended in 3D. 

  

 

Figure 1: Geometries which show auxetic behaviour [2]. 

 
In this study, the following auxetic geometry was chosen (Fig.2), especially due to its easiness in 

parametrization and promising early simulation results.  Elastic behaviour of this structure has been studied in 

[3,4]. 
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Figure 1: Auxetic geometry a) 2D detail and parameters; b) 3D rendering [3]. 

In this contribution, the behaviour of Ti6Al4V auxetic structures and bulk cylinders under impact loading is 

studied experimentally and numerically and results are compared among them. Using a destructive test 

approach (DT), these structures are impacted by a loader launched at a given height. The response of the 

structure on different impactors with different impact energy is monitored by a high-speed camera and radial 

displacement history is measured by a high speed vibrometer.  The corresponding energy absorption in elasto-

plastic regime is analysed. Besides, this experiment will allow to access the dynamic deformation behaviour 

of the structure under impact loading of both auxetic and bulk cylinder Ti6Al4V specimens. 

Besides, a numerical model of the specimens will be performed using FEM method, especially with LS-

DYNA. Finally, agreement of experimental data and simulation data will be discussed.       
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TRANSIENT WAVES IN FUNCTIONALLY GRADED
STRIP UNDER IMPACT LOADING

Vı́tězslav Adámek1,∗, Frantǐsek Valeš2 and Jan Červ3

1NTIS - New Technologies for the Information Society, Faculty of Applied Sciences,
University of West Bohemia, Pilsen, Czech Republic; e-mail: vadamek@kme.zcu.cz

2Institute of Thermomechanics AS CR, v.v.i., Pilsen, Czech Republic; e-mail: vales@it.cas.cz
3Institute of Thermomechanics AS CR, v.v.i., Prague, Czech Republic; e-mail: cerv@it.cas.cz

Keywords: transient waves, functionally graded material, plane stress problem, analytical solution

In this work we study the propagation of transient waves in a viscoelastic infinite strip made of a
functionally graded material (FGM) under loads of impact character using semi-analytical approach.
Wave phenomena in such a medium are described by a system of two partial integro-differencial equa-
tions (PIDEs) of the second order in terms of the displacement components. Contrary to homogeneous
elastic or viscoelastic case, this system of PIDEs is coupled so its solution for arbitrary variation of
material properties is very difficult, if at all possible. For this reason, we decided to solve the problem
as a problem of a multilayered medium with layers of constant material properties. This is one of
possible approaches used to handle the wave propagation in FGMs (see [1], [2]). It is clear that this
is only an approximation of real FGM and that the accuracy of this method mainly depends on the
thickness of modelled layers. Further, there is a problem how to determine the material properties
of each layer to properly represent the real behaviour of FGM. On the other hand, this approach
enables us to derive analytical or semi-analytical solutions for FGMs with arbitrarily varying material
properties, so we are not limited by exponential or power-law distributions as usual (see [3], [4], etc.).
Moreover, wave propagation in media combining FGMs and thin layers can be investigated by using
this approach, as well. This field of elastodynamics is of considerable interest and is related to the
design of armours (see [5], [6]).

In the following, a strip infinite in the horizontal direction x and having a constant thickness and the
height d will be assumed. Further, the strip material properties will change gradually in the vertical
direction y according to an arbitrary function. The upper boundary of the strip is locally subjected to
a dynamic load of impact character acting in the vertical direction y. The amplitude of this load will
be constant through the strip thickness and it is described by an even function in the x direction. Thus
a vertically symmetric plane stress problem is solved on a domain 〈0,+∞〉 × 〈−d/2, d/2〉. Different
boundary conditions at the bottom edge will be considered in this study, namely the problem for
free, fixed and non-reflecting bottom boundary will be solved. As mentioned previously, the transient
response of the strip will be investigated by using semi-analytical solution for a multilayered strip.
In particular, the solution for the transient problem of a strip made of viscoelastic orthotropic layers
presented in [7] was generalised and used for this purpose.

To demonstrate the results of our semi-analytical solution, the total velocity field in 100 mm long part
of one half of the strip with d = 40 mm and with fixed bottom boundary is depicted at time t

.
= 15.3 µs

in Fig. 1. It is the transient response to the pressure pulse σ(x, t) = σ0 cos
(
π
2
x
h

)
[H(t)−H(t− t0)]

lasting t0 = 2 µs and acting on the upper boundary on the small area of the length 2h = 4 mm and
having the amplitude σ0 = 1 MPa. The material properties of the strip are fictitious in this study
case. We assumed that the properties change according to parabolic distribution from elastic steel
with E = 2.1 × 1011 Pa, ρ = 7800 kg/m3 and ν = 0.3 at the top and at the bottom of the strip to
viscoelastic properties of polyamide in the middle. It means that the relatively soft core of the strip is
continuously stiffened by metal boundaries. The viscoelastic behaviour of the core is modelled using
the standard linear viscoelastic solid as in [7] and the specific values of material parameters were taken
from the work [8]. To approximate FGM, the strip was divided to 50 layers of same heights.

It is obvious from Fig. 1 that due to the continuous variation of material properties in the y direction,
no wave reflections inside the strip occur. The velocities of P- and S-waves change continuously which
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Figure 1: The distribution of the total velocity v at t
.
= 15.3 µs in one half of the strip.

results in smooth distortion of all wave fronts. The dissipative effects of the viscous core are practically
negligible due to the Fourier spectrum of applied load and relatively long relaxation time (see [8]).
Further, the gradient of the material variation significantly influences the attenuation of R-waves with
depth.

The presented solution can be used for detailed investigation and analysis of waves propagated in strip-
like solids made of arbitrary FGM having elastic, viscoelastic and also orthotropic properties. Such
results can then be used for optimal design of energy-absorbing FGM for many practical applications.
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Stomata are pores on the leaf surface, which are formed by a pair of mechanically anisotropic, curved,
tubular guard cells. An increase in turgor pressure deforms the guard cells, resulting in the opening
of the stomata. Recent studies employed numerical simulations, based on experimental data, to
analyze the effects of various structural, chemical, and mechanical features of the guard cells on the
stomatal opening characteristics; these studies all support the well-known qualitative observation that
the mechanical anisotropy of the guard cells plays a critical role in stomatal opening. In this talk, I
will introduce a computationally based analytical model that quantitatively establishes the relations
between the degree of anisotropy of the guard cell, the bio-composite constituents of the cell wall, and
the aperture and area of stomatal opening. The model introduces two non-dimensional key parameters
that dominate the guard cell deformations - the inflation driving force and the anisotropy ratio - and
it serves as a generic framework that is not limited to specific plant species.

Generally, the applied internal pressure (P ) generates the stomatal deformations needed for pore
opening while the cell wall stiffness - dominated by the two Young’s moduli EΘ and EL - resists
such deformations. The model could thus benefit from the introduction of another parameter, the
normalized pressure, P̂ , a non-dimensional pressure parameter that reflects the effective driving force
of stomatal deformations:

P̂ =
P

EL
≈ P · 1− φ

Em
(1)

where φ indicates the volume fraction of the micro-fibrils composing the cell wall and Em represents
the Young’s modulus of the bio-polymeric matrix material that binds the micro-fibrils. Another key
parameter with a marked effect on stomatal deformation is the degree of stiffness anisotropy of the
cell wall. This characteristic is introduced by a non-dimensional anisotropy parameter - the modulus
ratio, Ê:

Ê =
EΘ

EL
≈ Ef · φ ·

1− φ
Em

(2)

where Ef represents the Young’s modulus of the micro-fibrils. A series of FE simulations were con-
ducted to identify the effect of the above parameters on the stomatal opening characteristics, namely,
the stomatal aperture and opening area, which were found to be linearly correlated one another via
approximated geometrical relations. Based on the FE simulations results, the following closed-form
analytical model was introduced to the stomatal aperture (normalized by the pore length).

δ̂
(
P̂ , Ê

)
= C · f(Ê) · P̂ , f(Ê) = 1− exp


−

(
Ê − b
λ

)k

 (3)

According to the FE-based analytical model, despite the substantial non-linear deformations of the
guard cell upon inflation, the stomatal aperture is identified to be linearly related to driving force P̂ and
thus to the internal turgor pressure. The stomatal compliance is dependent on the non-dimensional
mechanical anisotropy Ê; when a threshold Ê• is crossed - the compliance reaches maximal asymptotic
value. From a material-level perspective, the cellulose microfibrils constitute the stiff, load-bearing
portion of the stomatal cell wall, while soft matrix is essential to the ability of stomata to open. Thus,
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a stiffer matrix will generate a small opening and will promote swelling deformation mode. These
findings may indicate a biomechanical role for differences in stomatal cell wall composition across
different plant species.

The predictions of the proposed theoretical modeling are in line with a wide range of previous experi-
mental studies, and its analytical formulation sheds new light on the relations between the structure,
mechanics, and function of stomata. Moreover, the model provides an analytical tool to back-calculate
the elastic characteristics of the matrix that composes the guard cell walls, which, to the best of our
knowledge, cannot be probed by direct nano-mechanical experiments. Indeed, the estimations of the
proposed model are in good agreement with recently published results of independent numerical opti-
mization schemes. The emerging insights from the stomatal structure-mechanics ”design guidelines”
may promote the development of miniature, yet complex, multiscale composite actuation mechanisms
for future engineering platforms.

Figure 1: Displacement maps of stomatal opening for increasing Ê values - showing the swelling,
transition and elongation modes. Selected guard cell cross sections are illustrated by dashed lines.
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We would like to simulate the interaction of Lamb waves with a defect in an anisotropic elastic plate,
in the framework of non-destructive testing. The strategy is to generalize the Half-Space Matching
method that we have previously developed in the 2D case. In the present case, it consists in coupling
a finite element representation of the solution around the defect with semi-analytic representations of
the solution in 4 semi-infinite plates. The semi-analytic representations are obtained by combining a
Fourier Transform with a modal decomposition on Lamb modes. Ensuring that all the representations
of the solution match yields a system of equations which couples, via Fourier-integral operators, the
FE representation in the bounded perturbed domain with the displacement and the normal stress of
the solution on the infinite bands limiting the half-plates. Compared to integral methods, this method
avoids the expensive calculation of the Green function of the anisotropic plate.

1 The half-space matching formulation

We are interested in solving the following time-harmonic elastodynamic problem: find u such that

∣∣∣∣
div(σ(u)) + ρω2u = f in Ω,

σ(u)ν = 0 on z = ±h and ∂O, (1)

where Ω = R2 × [−h, h]\O represents an elastic plate, O represents a set of bounded defects in the
plate, supp(f) is bounded.

The idea of this method has been introduced in [1, 2] in the 2D case. To apply it to the 3D problem (1),
we decompose the domain into 5 overlapping sub-domains: a bounded domain Ωb = [−b, b]2× [−h, h],
where all perturbations (defects, source terms, inhomogeneities) are located, and 4 homogeneous semi-
infinite half-plates Ωj , j ∈ {0, 1, 2, 3}:

Ω0 = Ω ∩ {x ≥ a}, Ω1 = Ω ∩ {y ≥ a}, Ω2 = Ω ∩ {x ≤ −a}, Ω3 = Ω ∩ {y ≤ −a},

with a < b (see Figure 1 for top view). Their artificial boundaries are denoted as

Σ0 = Ω ∩ {x = a}, Σ1 = Ω ∩ {y = a}, Σ2 = Ω ∩ {x = −a}, Σ3 = Ω ∩ {y = −a}.

We can derive an explicit representation of uj := u in Ωj with only the knowledge of the displacement
and the normal stress tensor on Σj (see next section). To ensure the compatibility of the half-plate
representations in the zones where they coexist, we write integral equations linking the unknowns on
the bands Σj . Coupled with the finite element representation of ub, the restriction of u in the bounded
domain Ωb, we obtain a system of equations with 1 volume unknown ub and 8 surface unknowns: 4
displacement tensors ϕj and 4 normal stress tensors ψj . After solving the system of equations, we
can reconstruct the field uj in each half-plate Ωj using ϕj and ψj , hence we have the solution in the
whole domain Ω.

Wave modelling 2018 Prague, Czech Republic, 17–21 Sep 2018

29



O

Ωb

Ω0

supp (f)

Σ0

2a2b

1. Domain decomposition: top view. 2. Real part of the first component of u0 in Ω0
a with

only one excited Lamb mode.

2 The half-space representation

The main technical difficulty compared to the 2D case lies in the derivation of the half-plate represen-
tations uj . Consider for example the half-plate Ω0 and suppose that we know the displacement and
normal stress tensors on Σ0:

u0 = ϕ0 and σ(u0)ν = ψ0 on Σ0. (2)

By applying the Fourier transform in the infinite direction, we get a family of equations for each
Fourier variable ξ set in a semi-infinite strip [−h, h]× [a,+∞).

We are looking for a solution expanded on outgoing modes:

û0(x, ξ, z) =
∑

n∈N
a0nU+

n (ξ, z)eiβ
ξ
n(x−a), (3)

where (U+
n (ξ, z), βξn) are the modes. The amplitudes a0n can be obtained by using the bi-orthogonality

relation of the modes at x = a:

a0n =
1

J0
n

∫ h

−h
ϕ0 · T −n − U−n ·ψ0 where J0

n =

∫ h

−h
U+
n · T −n − U−n · T +

n , (4)

where T (ξ, z) denotes the modal normal stress associated to the mode (Un(ξ, z), βξn).

Using the inverse Fourier transform, we have an explicit formulation for each half-plate. This has been
implemented in the isotropic case (see Figure 2), where we can use U+

n (0, z) to obtain U+
n (ξ, z), ∀ξ ∈ R

by a simple rotation formula.
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Rocks and concrete are known to soften under a dynamic loading, i.e. the speed of sound diminishes
with forcing amplitudes. This softening occurs over a time scale larger than the period of the dynamic
loading, which highlights the phenomenon of slow dynamics. Moreover, a hysteresis curve is obtained
when the speed of sound is represented with respect to the strain. All these phenomena are accentuated
when the forcing amplitude is increased [1].

In recent works, the authors have proposed a 3D model in the framework of continuum mechanics
with internal variables [2]. A variable g is introduced in order to modify the elastic moduli of a
nonlinear elastic solid. Also, an evolution equation for g is provided. By construction, the model is
thermodynamically admissible and dissipative. Contrary to models of isotropic damage, the variable
g may increase (softening) or decrease (recovery).

The resulting set of equations writes as a hyperbolic system of conservation laws with relaxation
terms, which is solved numerically using finite-volume methods. In one space dimension, the numerical
method is validated using analytical solutions [3]. Nonlinear viscoelasticity of Zener type is accounted
for by using additional internal variables [4]. The numerical tool is used to reproduce qualitatively
resonance experiments (NRUS) and dynamic acousto-elastic testing (DAET), by implementing realistic
boundary conditions. Wave propagation simulations are performed in 2D. In particular, one observes
that P-waves and S-waves are not decoupled, which is a classical feature of nonlinear elastodynamics.
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Background. This work is concerned with the reconstruction of heterogeneous elastic moduli (i.e.
elasticity imaging) from experimental data on the elastodynamic response of the sample subjected to
time-harmonic excitations. This classical kind of inverse problem has applications in e.g. geophysics
(in which context it is often called “full waveform inversion”, see e.g. [8]) or medicine (with appli-
cation to elastography, see e.g. [9]). Our investigation, while set in the common general framework
of PDE-constrained optimization, departs from the conventional use of output least-squares (OLS)
objective functionals. Instead, our inversion approach is based on the minimization of a modified
error in constitutive equation (MECE) functional. MECE functionals additively combine an energy-
based error on the constitutive equation and an output least-squares functional that incorporates the
measured data, the relative weights of the two components being tunable by means of an adjustable
parameter ξ (that can be interpreted as the reciprocal of a regularization parameter typically asso-
ciated with Tikhonov regularization). They are widely used for constitutive parameter identification
and FE model updating since over two decades, see e.g. [2, 5, 7]. Solving constitutive identification
problems using this framework entails minimizing MECE functionals with respect to three variables,
namely a kinematically admissible displacement field, a dynamically admissible stress field, and the
sought spatially-dependent elasticity tensor. This minimization process is often treated in alternate-
direction fashion, where each step consists in solving a linear coupled two-field stationarity problem
yielding optimal admissible fields for given moduli (partial minimization with frozen moduli) and then
performing a constitutive update (partial minimization with frozen admissible fields). The weighting
parameter ξ can be adjusted using Morozov’s discrepancy principle (MDP), whereby ξ → ∞ in the
ideal case of perfect (i.e. noiseless) data with our conventions.

MECE functionals applied to interior data and underspecified boundary conditions. We
have been investigating the formulation and application of MECE-based methods to the reconstruction
of spatially-varying elastic or viscoelastic moduli, under time-harmonic [1, 4] or transient conditions [3]
over the last few years, with preliminary applications to elastography presented in [6]. This commu-
nication addresses the application of MECE-based formulations to elasticity imaging by means of
interior kinematical data obtained under time-harmonic conditions and over a region of interest (RoI)
that can be a subset of the sample being tested, while boundary conditions (BCs) may be underspeci-
fied due to insufficient relevant experimental data (e.g. if the computational doomain is to be limited
to the RoI). The latter provision implies in particular that, contraty to most formulations of inverse
problems, a forward problem cannot be clearly defined.

The main contribution we wish to present consists, for this class of imaging problems, in establishing
useful mathematical properties of the MECE-based identification methodology:

• First, we prove that the coupled two-field problem that arises from the first-order optimality
conditions associated with the partial minimization with frozen moduli is well-posed (in the
functional-analytic sense) at any operating frequency, and even when available data is such
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that BCs are underdetermined (subject, in this case, to a condition on the interior kinematic
measurements ensuring that it is sufficiently abundant to compensate for insufficient BC data).
The latter implies, importantly, that the lack of a well-defined forward problem is no impediment
for undertaking the (alternate-direction) minimization of the MECE functional.
• Then, we also prove that the Hessian of the reduced MECE functional (considered as a function of

the moduli only, through the moduli-dependent stationarity solution) is positive in the ξ → ∞
limit, thereby providing mathematical insight to abundant available computational evidence
showing reduced MECE functionals to be “more convex” than OLS functionals. The reduced
MECE functional is therefore better behaved than OLS functionals (for which no such convexity
result is available), allowing for faster convergence and avoidance of unwanted local minima.

These properties will be given precise statements, and their proof sketched. They make MECE-based
imaging a quite attractive tool for applications in e.g. elastography (as done in [6]), as it can be
applied on a computational domain reduced to the RoI and is insensitive to eigenfrequencies.

In addition, the above main theoretical results will be demonstrated on numerical experiments, whose
results will be shown and discussed. Those experiments will in particular highlight the well-posedness
of the stationarity problem at all frequencies and the asymptotic convexity of the reduced MECE
Hessian. Results on a full elasticity imaging example will also be presented, including automatic
adjustment of the weighting parameter ξ by means of MDP.
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1 Context

The main advantage of the Boundary Element Methods (BEMs) is that only the domain boundaries
(and possibly interfaces) are discretized leading to a drastic reduction of the total number of degrees
of freedom. In addition, they are well suited to problems in large-scale or infinite domains since they
exactly account for radiation conditions at infinity. In traditional BE implementation the dimensional
advantage with respect to domain discretization methods is offset by the fully-populated nature of the
BEM coefficient matrix, with set-up and solution times rapidly increasing with the problem size.

Mesh adaptation is a technique to reduce the computational cost of a numerical method. The principle
is to optimize the positioning of a given number of degrees of freedom on the geometry of the obstacle,
in order to yield simulations with superior accuracy compared to those obtained via the use of uniform
meshes. For wave scattering problems, adaptation is particularly important for obstacles that contain
geometric singularities, i.e., edges and vertices, which lead to a rapid variation of the surface solution
near these singularities. In addition, we may exploit the directionality of the waves in order to further
reduce the number of degrees of freedom. The best strategy to achieve these goals is via so-called
”anisotropic” mesh adaptation for which an extensive literature exists for volume-based methods [1].
However, there is relatively little research attention being paid to mesh adaptation in a boundary
element context. One possible explanation is the large computational cost of standard BEMs. With
the development of fast BEMs such as the Fast Multipole accelerated BEM (FM-BEM) [3] or H-matrix
accelerated BEM (H-BEM) [5], the capabilities of the BEMs are greatly improved such that efficient
adaptive mesh strategies are needed not only to optimize further the computational cost, but also to
certify the numerical results by assessing that the theoretical convergence order is observed during the
computations. Most current BEM adaptivity methods, like those relying on Dörfler marking, have
been confined to isotropic techniques. In addition, most works are restricted to Galerkin discretizations
and are formulated specifically for a system of equations [2].

2 Methodology

The first novelty of the present work is the extension of metric-based anisotropic mesh adaptation
(AMA) to the collocation BEM where it has never been used. The metric-based AMA proposed in [6]
does not employ a Dörfler marking strategy but rather generates a sequence of non-nested meshes
with a specifed complexity. The different meshes are defined according to a metric field derived from
the evaluation of the linear interpolation error of the (unknown) exact solution on the current mesh.
From a theoretical point of view, a continuous metric is derived from the Hessian of the exact solution.
From a practical point of view, an approximate metric is derived from the numerical solution only. In
AMA, the size, shape, and orientation of elements are adjusted simultaneously. The advantages of this
approach are that it is ideally suited to solutions with anisotropic features, it is independent of the
underlying PDE and discretization technique (collocation, Galerkin, etc.), and it is inexpensive. The
second novelty of this work is the combination of two acceleration techniques, namely metric-based
anisotropic mesh adaptivity and Fast Multipole acceleration. If no fast BEM is used, the capabilities of
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anisotropic mesh techniques cannot be fully demonstrated for realistic large scale scattering scenarios.
Since geometric representation, numerical implementation and discretisation strategy are a handful
of factors that determine the effectiveness of BEMs for wave scattering problems, we also extend
the methodology presented in [4] to high order BEMs. The main difficulties are: (i) to relate the
interpolation error to the metric driving the adaptation and (ii) to define the optimal metric in the
context of non-planar curved elements.

3 Numerical results illustrating the efficiency of the strategy

This original combination permits us to show the performance of AMA strategy for complex real-world
scattering problems such as acoustic scattering. More precisely, we show via a variety of numerical
examples that it allows to recover optimal convergence rates for P0, P1 or P2 interpolation and for
domains with geometric singularities: a planar screen, a sphere with aperture, a cube with cavity
(Fig. 1a), and a F15 jet (Fig. 1b-c). These optimal convergence rates cannot be achieved when using
uniform refinement since the rapid variation of the boundary solution near geometric singularities
requires special meshing treatment.
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Figure 1: (a) Sound-soft cube with cavity: Relative L2 errors for uniform and adapted meshes, k = 10;
F15: (b) Mesh after AMA and (c) Real part of the total field in x = 0 and z = 0 planes.
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In the close vicinity of seismic faults, the rock is densely fractured by both the tectonic movements
and the seismic activity [1]. The objective of this presentation is to discuss the effect of this partic-
ular fractured structure on the elastic wave propagation at several distance from the source to some
recording points .

For such problems, numerical approximation requires the use of large scale computational models. The
Spectral Element Method is well-suited to compute huge dimensional problems with the possibility to
obtain a good scaling of performance on thousands of computing cores.

As mentionned above, the model developed in this study includes heterogeneities close to seismic faults
(some meters). In a first approximation, the network of fractures is modeled by stochastic fields of
properties of the medium near the fault. In order to quantify the effect of inclusion of heterogeneities,
the obtained response at some recording points is compared to the homogeneous one.

Some numerical issues appear with dealing wave propagation in strong heterogeneous medium. For
instance, the stability of explicit scheme and the implementation of PMLs. Those particular points
will be discussed in this work.

The results highlight the effects of strong localization of the wave propagation and the resulting
multiple scattering next to the seismic source. A part of the energy spectrum stays trapped near
to the seismic source. Consequently, the frequency content of the seismic signal is modified by the
presence of heterogeneous fields near the fault and thus, the high frequencies have wider trend to be
blocked than low frequencies.

(a) (b)

Figure 1: a) Schematic diagram of the strongly asymmetric damage structure on the ATTL [1] and
b) An example of visualisation of stochastic field representing the fractured structure
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This talk [2] describes precisely the influence of material heterogeneity on the stability of explicit time
marching schemes for the high-order spectral element discretization of wave propagation problems.
Two different types of heterogeneity are considered. In a first part, it consists in a periodic fluctuation
of the density and stiffness parameters, whose period is related to the characteristic element size of
the mesh. A new stability criterion is derived analytically for quadratic and cubic one-dimensional
spectral elements in heterogeneous materials, which may in some situations replace the current rule
of thumb. The analysis presented reveals the origin of instabilities that are often observed when the
stability limit derived for homogeneous materials [1] is adapted by simply changing the velocity of
the wave to account for the material heterogeneity (see Fig. 1). In a second part, a more complete
heterogeneity is considered and precise stability estimates are obtained based on Irons and Treharne
theorem [3] and general eigenvalue bounds. Finally, in a third part, very simple estimates are obtained
for rapidly fluctuating media. Several extensions of the results are discussed, including higher order
approximations, higher dimensions and random media. Extensive numerical results demonstrate the
validity of the new stability estimates.

Figure 1: Ratio between the value of the critical time step for the heterogeneous and homogeneous
cases for different values of the ratios of parameter values inside the element and on its vertices. The
red dot indicates the homogeneous case and the white discontinuous line represents the change of
definition of the critical time step given by the maximum in the two eigenvalues of the dispersion
matrix.
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Interdisciplinary studies into the complexity of wave processes in continua take into account the
various types of interactions: wave-wave, wave-field, wave-internal structure, and others [1]. Often the
interactions can be nonlinear. For example, in classical theory the longitudinal and transverse waves
are uncoupled but in a nonlinear medium a separate transverse wave cannot exist [2]. The resulting
observable behaviour of waves depends on interactions and is governed by thermodynamic constraints.
As a result, a wave process may involve an ensemble of waves: a set of coupled waves propagating
together as a whole.

In what follows, two typical cases of the emergence of wave ensembles are presented: (i) the propagation
of waves in a microstructured thermoelastic material; (ii) the propagation of signals in nerve fibres.
In both cases the emergent ensemble involves several waves that can be generated by one input. The
emergence is dependent on the coupling forces.

(i) Waves in microstructured thermoelastic materials. The dynamical processes in microstructured
materials are characterized by variables at macro- and microlevels. In case of a thermoelastic solid, one
has to distinguish (in 1D setting) between longitudinal macro-displacement u together with the macro-
temperature Θ and micro-deformation α together with the micro-temperature ϕ. The latter variables
can be treated as internal variables and they describe the changes in the embedded microstructure.
The microtemperature means actually the fluctuations of temperature due to the different properties
of macro- and microstructure. By using the concept of internal variables [3], the governing equations
are described in the following form [4]:

ρ0utt = (λ+ 2µ)uxx +mΘx +Aαx +Mϕxx, (1)

ρ0cpΘt = (kΘx)x +mΘ0uxt +Qϕ2
t , (2)

Iαtt = Cαxx −Aux −Bα, (3)

I0ϕtt +Qϕt = Nϕxx +Muxx. (4)

Here the constants are specified following the physical considerations [4] and indices here and further
indicate differentiation. System (1)-(4) contains three hyperbolic equations (Eqs (1), (3), (4)) and
one parabolic equation (Eq. (2)) for macro-temperature. The processes at the micro-level are coupled
with the longitudinal wave u at the macro-level. When the longitudinal wave u is generated, then an
ensemble of waves emerges. The notable effect is that the heat conduction at the macro-level (Eq. (2))
is affected by the micro-temperature ϕ and this coupling can induce the wave-like propagation of the
macro-temperature contrary to the uncoupled case of the diffusion-type process.

(ii) The signals in nerve fibres. Apart from the analysis of the action potential (AP) as the main carrier
of information along nerve fibres, the recent studies have shown also the existence of accompanying
waves in the axoplasm and in the surrounding biomembrane [5]. These waves are of the mechanical
character. A robust mathematical model for describing all coupled waves is recently proposed [6]. In
the first approximation the AP is described by the FitzHugh-Nagumo model

zt = z(z − (a1 + b1))(1 − z) − j +Dzxx, (5)

jt = ε(−j + (a2 + b2)z). (6)
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The pressure wave in the axoplasm is governed by the 1D Navier-Stokes model

ρ(vt + vvx) + p̄x − µνvxx = F1(z). (7)

The longitudinal wave in the surrounding biomembrane is described by a Boussinesq-type model [6]
involving the displacement-type nonlinearity due to the lipid structure of the biomembrane

utt =
[
(c20 + pu+ qu2)ux

]
− h1uxxxx + h2uxxtt + F2(z, v). (8)

Equation (8), contrary to the model proposed in [5], takes also the inertia of the lipid structure into
account. The possible transverse (observable) displacement can be easily calculated like in the rods

w = −krux. (9)

Above the AP is denoted by z, the velocity of a wave in the axoplasm by v, and the longitudinal
displacement in the biomembrane by u while j denotes the ion current; p̄ is the pressure and ρ is
density of the axoplasm. The constants are defined from physical considerations [6]. If the AP is
generated by an input above the threshold then an ensemble of waves emerges. The nonlinearities and
coupling forces play a crucial role in all the process. Here further experimental studies could specify
the details. The remarkable property of such an emerging ensemble is the adjustment of velocities
dictated by the velocity of the AP.

In conclusion, the ensembles of waves demonstrate the properties which are not summed up from
properties of single waves – a clear evidence of complexity. This is a characteristic to many dynamical
processes in solids, fluids and tissues.
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Konviktská 20, Prague, Czech Republic; e-mail: fila@fd.cvut.cz

Keywords: Direct Impact Hopkinson Bar, impact testing, auxetic lattices, cellular materials

Modern manufacturing technologies like additive manufacturing, 3D printing and foaming of metals
allow for production of an advanced cellular materials with structure optimized for energy absorption
applications. Moreover, the production methods allow for manufacture of a functional graded struc-
tures with properties optimized for the desired application. Numerical simulations are used as a tool
for the optimization of the structures. Relevant material models reliably representing the behavior of
the materials at a given rate of impact have to be used in the simulations. Experimental analysis is
commonly used for the estimation of the material model parameters.

Recently, a number of papers concerning high rate impact testing of auxetic materials and metal
foams using Split-Hopkinson Pressure Bar (SHPB) were published, e. g. [1, 2, 3]. SHPB is a well
established experimental technique for characterization of materials at high strain-rates. However,
testing of materials designed for energy absorption requires compression to high strains at constant
strain-rates. In this field, standard SHPB has several significant limitations: i) maximum strain in
the specimen is proportional to length of the striker bar and its impact velocity, ii) strain-rate is
proportional to the striker bar impact velocity, iii) dynamic equilibrium has to be achieved in the
specimen and iv) dimensions of the specimen are strictly limited. Thus, testing of cellular structures
in conventional SHPB requires setup with high performance, long striker bars and relatively small
specimens. Impact compression at different strain-rates is also limited as achievable maximum strain
decreases with decreasing striker impact velocity. These limitations can be reduced using an upgrades
of the setup or by introduction of an advanced measurement methods.

In this contribution, an Open Hopkinson Pressure Bar (OHPB) apparatus [4] was used for high
strain-rate compression of the additively manufactured auxetic lattices and selected cellular metals.
The principle of OHPB is based on Direct Impact Hopkinson Bar (DIHB). Instead of striker bar, the
incident bar is accelerated in the gas-gun and it hits directly the specimen mounted on the face of
the transmission bar. The incident bar is instrumented using strain-gauges and so, in contrast with
Taylor anvil test, strain histories corresponding to the both contact faces of the specimen are measured
and thus are known. Unlike conventional SHPB test, OHPB allows for high maximum strain in the
specimen at constant strain-rate with good conditions of dynamic equilibrium as the strain waves
propagate from the specimen boundaries [4].

For the experimental tests, OHPB consisting of a gas-gun, two high-strength aluminum alloy bars (EN-
AW-7075) with nominal diameter 20 mm and length 1600 mm, and a damper was used. The incident
bar was partially loaded in the barrel of the gas-gun with available stroke for acceleration 1400 mm.
The impact face of the incident bar was guided using low friction linear guidance system TW-04-
12 (Igus, Germany). Both bars were equipped with foil strain-gages (3/120 LY61, HBM, Germany)
in half-bridge arrangement located 200 mm from the specimen faces. The half-bridge circuits were
realized using custom built switchboard that allows powering and balancing of circuits. Due to small
sensitivity of the foil strain gauges high emphasis was put on elimination of noise in the measurement
chain. On the input of the chain, the battery power supply with excitation voltage 4 V was used to
power of strain gauge circuit to minimize the noise of strain gauge signal. The measured noise of
the signal of the strain gauge circuit in unloaded state with this battery source was approximately
3.5 mVpp. To maximize the signal-to-noise ratio of the output signal it was necessary to use the active
differential low noise amplifier (EL-LNA-2, Elsys AG, Switzerland). Gain of amplifier was set to 100
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with 15 MHz bandwidth. High speed 16-bit digitizer (PCI-9826H, ADLINK Technology, Inc., Taiwan)
with maximal 20 MHz sample rate and 1 MOhm input impedance was used to sample the amplified
strain gauge signal. Limited time interval of the record given by on-board memory of the digitizer
and time synchronization of the data flow required triggering of the OHPB test. Thus, a two pairs of
laser through-beam photoelectric sensors (FS/FE 10-RL-PS-E4, Sensopart, Germany) were installed
on the barrel of the gas-gun. The OHPB was designed with focus on advanced optical techniques
(e.q. DIC - digital image correlation technique) for strain assessment. Both types of triggers can be
used with many types of high-speed cameras. The tests with auxetic structures were observed using
a high-speed digital camera (FASTCAM SA5, Photron, Japan) with 20µm square CMOS sensor with
maximal 1, 000, 000 fps at a 64 × 16 px image pixel resolution (maximal frame rate depends on image
resolution and vice versa). As a compromise between the image resolution and frame rate 124, 000 fps
and 192 × 216 px image resolution were set. A pair of high intensity LED lights (Constellation 60,
Veritas, USA) was attached on main frame of the setup for illumination of the sample surface. The area
of impact was equipped with shield made from transparent polymer to protect the high-speed camera
and lights against sample’s fragments. Data acquisition, source synchronization as well as control
of instruments during the OHPB test were implemented as custom virtual instrument in Labview
(National Instruments, USA).

Three types of the auxetic lattices (2D re-entrant, 3D re-entrant, missing-rib) and selected types of
cellular metals were tested using OHPB. The results were compared with previous tests carried out
using SHPB apparatus [2]. DIC technique was used to evaluate displacement and strain fields in the
specimen and to analyze Poisson’s ratio of the structures. DIC results were also compared with the
results obtained using SHPB.
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Cavitation erosion is a major concern in many industrial applications such as water pump, marine 
propellers, hydroelectric turbines, fuel injectors, or even in health science like for hearth valves. Cavitation 
erosion is the consequence of mass loss of a solid material subjected to multiple impacts of collapsing 
bubbles in the fluid. The bubbles are generally nucleated in the flow at locations where the local pressure 
decreases below vapour pressure, i.e. in the regions of high velocity. They will later collapse when the 
velocity will decrease. In the case the collapsing bubble is located close to a solid interface, the dynamics of 
the collapse is not symmetric and a liquid microjet is formed toward the solid interface as depicted in 
Figure 1b. When the microjet hits the opposite side of the bubble (Figure 1c), a shock wave is generated in 
the fluid. The liquid microjet will then reach the solid surface (Figure 1d) at a velocity of several meters per 
second leading to high strain rates in the material. With time, the solid/liquid interface will experience a 
large number of impacts that will cumulate plasticity in the material. This will finally lead to the nucleation 
of a crack at the origin of mass loss. 
 

 
 Figure 1: Snapshots of the dynamics a cavitation bubble collapse near a solid interface. 

 
The objective of this paper is to simulate the plasticity induced in the solid material by bubble collapses. 
Very few attempts have been conducted so far. Typical simulations consists of using a Finite Element (FE) 
solver where the load corresponding to the bubble collapse is introduced via a pressure distribution at the 
solid boundary. However, it is extremely difficult to measure experimentally such a load distribution. 
Indeed, measurements based on PVDF only give an integration of multiple bubble collapses on the entire 
sensor area with a poor temporal resolution. An alternative solution consists of realizing Computational 
Fluid Dynamics (CFD) simulations but a key point is to accurately account for the deformation of the solid 
interface. This could be done within a classical fluid/structure interaction framework, for example using an 
Arbitrary Lagrangian Eulerian description of the fluid domain and a strong coupling between the CFD code 
and the FE solver [1]. In the present paper, we chose to use a meshless method in order to solve both the 
fluid and the solid domain in the same code. Smoothed Particle Hydrodynamics (SPH) method is a 
Lagrangian meshless method for which the dynamics of particles representative of an infinitesimal part of 
the continuum domain is computed based on a set of constitutive equations [2]. Although originally 
developed to numerical studies of planetary collisions [3], SPH is nowadays mostly dedicated to fluid 
mechanics for which the code can easily handle compressibility and subsequent wave propagations.  
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Starting from the 2D open-source software SPHysics dedicated to fluid mechanics and jointly developed at 
Johns Hopkins University and the University of Rome, La Sapienza [4], we have modified the code so that 
it could account for elasto-visco-plastic media within axisymmetric conditions. The solid solver has been 
validated by comparisons with FE simulations in simple situations such as the case of indentation.  The 
fluid solver has been verified by computing the velocity field during a spherical bubble collapse in an 
infinite fluid domain and comparing the result of the analytical Rayleigh-Plesset solution. 
The code has then been applied to the case of a spherical bubble collapsing near an Al-2205 aluminum alloy 
sample for which the constitutive parameters have been identified experimentally. Different standoff 
positions of the bubble have been tested. Namely, we have investigated the case of a detached cavity for 
which the standoff ratio, SR, defined as the distance to the wall divided by the bubble radius is greater than 
1 and the case of an attached cavity for which SR<1. 
 

 
Figure 2: SPH results of plasticity induced by an attached cavity (a) compared to a detached cavity (b). 

Illustration of the Von Mises stress induced by the wave propagation in the case of a detached cavity (c). 
  

It is observed that the attached cavities induce a much more localized plastic zone precisely located along 
the symmetry axis (Figure 2a). The detached cavity behaves differently because of the shock wave 
generated during the bubble collapse which cumulates plasticity outside the symmetry axis (Figure 2b) 
although it is not the location of the highest pressure induced by the fluid. The plasticity expansion process 
is attributed to inertial effects induced by the elastic wave traveling in the solid (Figure 2c). 
It is concluded that numerical investigations of cavitation erosion should not be limited to pressure 
distribution at the interface. 
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The presented research builds on multiple runs of full-scale experiments focused on blast performance of 
cementitious composites. The specimens are real-scale reinforced concrete bridge decks 6m in span, cross-
section 0.3 x 1.5m.  
 
In the year 2016, the three specimens were tested. Ultra-high performance fiber reinforced concrete 
(UHPFRC) was used for the specimens. The heterogeneity of the specimens was further increased by basalt 
meshes or recycled textile sheets. The blast overpressure propagation was recorded by PDV and the damage 
was tested using ultra-sound measurement. On the contrary to previous runs of the experiments, the 
specimens were cast in a way that the material creates construction joints that further increase the 
heterogeneity of the specimens, i. e. the specimens are functionally layered.  
 
The paper presents the findings and compares them to previous runs of the experiments. Conclusions are 
drawn with respect to the modified fabrication method. 
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2Escuela Técnica Superior de Ingenieŕıa, Universided de Seville, Spain; e-mail: japerez@us.es

Keywords: bipenalty method, contact-impact, finite element method, explicit dynamics

It is well known that in contact-impact problems the stiffness penalty method tends to decrease the
critical time step in conditionally stable time integration schemes [1]. This is due to the fact that the
stiffness penalty can greatly enlarge the maximum eigenfrequency of a system. In the dynamic tran-
sient analysis, the penalty method can also be applied to the mass matrix. This technique is known
as the mass penalty or the inertia penalty method. In contrast to the stiffness penalty approach, it
significantly reduces one or more eigenfrequencies. Askes et al. [3] proposed a bipenalty method, in
which both penalty formulations were used simultaneously. The goal of this method is to find the
optimum of the so-called critical penalty ratio (CPR) defined as the ratio of stiffness and mass penalty
parameters so that the maximum eigenfrequency and the critical time step are preserved. The calcu-
lation of CPR requires an analysis of the full bipenalised problem. Owing to mathematical difficulty,
it limits the classes of elements that can be taken into account. In order to overcome this problem, a
simple relationship between the CPR of an element and its maximum unpenalised eigenfrequency was
derived in [4]. Thus, the multiple constraints and more complex element formulations can be directly
accounted for [5].
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Figure 1: Dependence of the critical Courant number Cr on the dimensionless stiffness penalty βs for
selected dimensionless penalty ratios r.

Belytschko and Neal [1] derived an upper bound of the stiffness penalty for which the stability of time
integration scheme is preserved. Kopačka et al. [7] generalized this estimation for the bipenaly method.
It is based on the solution of 1D Signorini problem depicted in Figure 1, where the dependence of the
Courant number Cr on the dimensionless stiffness penalty βs is plotted. Note that the dimensionless
penalty ratio r is employed as the parameter. The curve for r → ∞ corresponds to the standard
stiffness penalty method presented in [1]. It illustrates the main disadvantages of the stiffness penalty
method: the Courant number Cr rapidly decrease with increasing dimensionless stiffness penalty βs.
On the other hand, the curve for r = 1 confirms the existence of the CPR, for which the stable time
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step remains unchanged for an arbitrary value of the dimensionless stiffness penalty βs. It is clear that
the bipenalty method with the penalty ratio equal to the CPR is superior over the standard stiffness
penalty method.

In this work, the bipenalty approach is extended for multidimensional contact-impact problems using
symmetry preserving explicit finite element contact-impact algorithm developed by authors [2]. Several
numerical examples are presented including the impact of two tubes and the longitudinal impact of
two thick plates, for which an analytical solution is available. In all cases, the superiority of the
bipenalty method over the standard penalty method is clearly demonstrated.
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In this presentation the influence of mechanical and geometrical properties of a heterogeneous periodic
composite material, both deterministic and stochastic in nature, on wave propagation will be discussed
from the position of stop band phenomenon.

We will discuss numerical analyses used to identify parameters that have the most significant effect
on the wave filtering properties of the medium.

The discussion will start with a one dimensional solid periodic laminate material. Further, randomness
will be added to the material properties (mechanical and geometrical) to investigate its effect on the
stop band properties. The stop band phenomenon will also be studied for two dimensional samples
with deterministic and random material microstructure.

In order to identify the characteristic influences of the relative Young’s moduli, densities and unit
cell length on the band-gap structures, numerical analysis (see for details [1]) of longitudinal wave
propagation through a finite domain occupied by the composite material will be performed, predicting
the associated transmission coefficient. The value of the obtained transmission coefficient will indicate
a stop-band or pass-band. The results indicated that (see Figure 1): (a) increasing the contrast in
Youngs moduli of phases, leads to a band-gap at lower frequency and the transmission coefficient in
the pass-band drops slightly; (b) increasing the contrast in density leads to a significant increase in
the width of the first stop-band and the transmission coefficient associated with the second pass-band
also decreases; (c) increasing the unit cell length whilst keeping overall length fixed gives rise to a
stop-band at lower frequency.
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Figure 1: Contrast in Youngs moduli of phases (left), contrast in densities (middle), different unit cell
lengths (right)

As the next step the randomness in the material properties (mechanical and geometrical) was in-
troduced. The results reported little or no influence of randomness of material parameters (Young’s
moduli and densities), however introducing randomness to the geometrical properties has proven to
be more beneficial.

To show the aforementioned result a random, 1D Fibonacci bar has been constructed [2] and longitu-
dinal wave has been sent propagating through the material.

The transmission coefficient of random (Fibonacci based) bar are then compared with the transmission
coefficient results of a wave propagating through a periodic material. This comparison is shown
in Figure 2. As it can be seen, geometrical randomness can significantly reduce the value of the
transmission coefficient in the second pass band compared to periodic laminate material.

Similar effect has been shown in two dimensional case, where randomness has been introduced through
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Figure 2: Quasi-random (dashed line) compared with periodic case (solid line).

the two dimensional Fibonacci square (see Figure 3).
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Figure 3: Wave propagating through periodic material (left); randomness added to the material (right)

As can be seen, in line with the conclusions made for 1D case, introducing Fibonacci-type geometrical
randomness considerably increases the frequency range of the first stop band.
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A reciprocal mass matrix is an approximation of the mass matrix inverse that can be used to directly
compute accelerations from a vector of applied forces. In this work, extension of our previous work [1]
on the derivation of reciprocal mass matrices for classical finite element methods, it is presented a gen-
eral framework for the computation of reciprocal mass matrices that can be employed in isogeometrical
analysis methods with B-Splines, NURBS and Bézier elements.

The construction of these reciprocal mass matrices is based on a displacement-momentum-multiplier
three-field mixed form of the Hamilton’s principle,

H (u,p, `) =

∫ t2

t1

{∫

Ω

(
1

2
p · u̇− 1

2
ε : σ + u · b

)
dΩ +

∫

Γb

` · (u− ub) dΓ

}
dt (1)

that is discretized in space by using isogeometric interpolation functions for displacements u, momenta
p and localized Lagrange multipliers `. For this purpose, we carry out a standard IGA discretization
with independent B-spline shape functions for the three fields. It is also explored the Bézier extraction
technique, employed for transformation of isogeometric meshes into a standard finite element structure.

In particular, two different techniques are used for the construction of the reciprocal mass matrices.
First, displacements and momenta in the mixed variational form (1) are approximated by dual space
bases, simplifying the computation of the reciprocal matrix, that can be evaluated by simple element-
by-element assembly operations. Second, a parametrization of the element mass matrix is introduced
into the formulation with a combined consistent-lumped element mass matrix,

Me = (1− β)MC
e + βML

e (2)

where parameter β can be optimized for high accuracy in certain conditions and frequency ranges.
Optimal values for this parameter are obtained from dispersion analyses.

Other methods proposed for the same purpose [2, 3], require complicated modifications for the in-
corporation of inter patch compatibility and Dirichlet boundary conditions. Based on our previous
work on reciprocal matrices [1], we bypass this difficulty by using localized Lagrange multipliers to
apply natural boundary conditions and compatibility conditions between substructures or patches.
This process is found to be computationally efficient, because the obtained matrices are sparse and
only the factorization of a small submatrix associated with the constrained DOFs is required.

Diverse numerical experiments, like the one represented in Figure 1, are solved with the proposed
methodology and investigated in order to validate its effectiveness and accuracy, specifically in vibra-
tion and transient analysis of structural elements like bars, beams, solids and plane stress problems.

In conclusion, it is demonstrated that the proposed reciprocal mass matrices outperform the lumped
mass matrix inverse for all frequencies. Accuracy of the method is high for low-mid frequencies and
the maximum frequencies of the structure are reduced around a 30%. This reduction in the maximum
frequency allows to extend the critical time step for stability of explicit transient simulations.
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Figure 1: Representation of the 9 lowest vibration modes of a plate. Results correspond to the
proposed reciprocal mass matrix with parameter β = 2/5 computed with quadratic B-splines.
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A calculation of guided-wave propagation can turn into a cumbersome task when a higher-level
anisotropy or a non-principal direction of propagation is considered. Time-domain numerical sim-
ulations are computationally demanding, which makes them inappropriate for inverse procedures, i.e.
for determination of the sample’s properties based on comparison experimental data and numerically
obtained values. The Ritz–Rayleigh approach offers a fast calculation of the velocity of guided waves
of various types, propagating in an arbitrary direction through a medium of any symmetry class.

The principle of the approach can be summarized into few steps. First, a computational domain with
chosen material properties is defined. Boundary conditions imposed on the domain are set according
to the investigated situation. Then, resonances of such domain are calculated using Hamiltons prin-
ciple, i.e., by locating the stationary points of the Lagrangian energy of the body. To calculate this
numerically, the displacement field is discretized into a functional basis of trigonometric functions in
the direction of propagation, and Legendre polynomials in the direction into the depth of the domain.
In the presented version, the solution in the third direction – i.e., perpendicular to the direction of
propagation, is homogeneous. However, a more general case with discretization into Legendre poly-
nomials in all three axes can be solved using the presented principle, as shown by Sedlák et al. [1] for
calculations of resonance frequencies of a free-standing body. The approach thus allows a conversion
of dealing with wave equation into a problem of searching for eigenvalues and eigenvectors, leading
to a rather fast calculation even on an ordinary laptop. The resulting eigenvalues and eigenvectors
determine the velocity and modal shape, respectively, of the corresponding wave mode. Therefore, it
can be used advantageously to determine a development of velocity of the chosen mode, for example
in a calculation of angular dispersion.

The same approach can be used for calculation of a broad spectrum of wave-related problems owing
to the generality of the principle and variability in boundary conditions. Among a variety of possible
guided-wave problems, the usefulness of the approach was already documented by Stoklasová et al.
in [2] and by Grabec et al. in [3]. In the former, a problem of angular dispersion in velocity of
Rayleigh waves propagating on a generally oriented plane of monocrystalline InP was described, while
in the latter, a calculation of frequency dispersion of Rayleigh waves in a NiTi film on top of a Silicon
substrate was shown. Both papers deal also with associated inverse problems – the former proving a
capability of determining all 21 elastic constants of the sample, the latter showing a phase transition
occurring in a micrometric film during thermal loading.

In the presented contribution, a use in another case of guided waves will be described, and namely in
the case of waves in plates. It will be shown that the approach is a suitable tool for the calculation
of frequency dispersion of Lamb modes. The transition from surface waves to waves in plates consists
not only from a change of the boundary conditions but also from a slight, beneficial change of the
functional basis decreasing the number of degenerated modes. Nevertheless, since the main principle
of the approach remains, the calculation works equally for any arbitrary tensor of elastic coefficients,
meaning that the dispersion of Lamb modes in any chosen material and orientations is feasible, while
the computational time stays reasonable. The approach retains its ability to track individual modes in
the calculation of dispersion. Furthermore, it allows calculating the corresponding group velocity, as
well as the phase velocity. Therefore, it is suitable for a location of the zero-group-velocity point. As
an example, the calculated dispersion of a thin plate of strongly anisotropic shape-memory material
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will be presented.
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Ultrasonic techniques allow inspection and monitoring of diverse industrial components. The propagation 

properties of the sound waves, velocity and attenuation, may be exploited for materials characterization and 
evaluation while ultrasonic scattering and/or reflection at defects and impurities allow their detection and 

assessment. However, in microscopically inhomogeneous media as e.g. polycrystalline structures and fiber-

reinforced materials, ultrasound is scattered also at grain and phase boundaries entailing velocity dispersion 
and additional sound attenuation along its propagation direction. These effects as well as scattering wave 

amplitudes may help with the assessment of such complex materials. Concomitant, scattering at the 

microstructure hampers defect detection and evaluation because the so-called structural noise superposes 
defect signals, and velocity dispersion corrupts defect positioning. Hence, ultrasonic signal evaluation has to 

take into account structural scattering, and the simulation of ultrasonic propagation and nondestructive 

testing and materials characterization procedures must comprise microstructural scattering phenomena. 

 
To begin with, we consider measurements on two industrial components of different microscopically 

inhomogeneous materials. In car manufacturing, components of die-cast non-ferrous metals are used. Those 

parts show manufacturing caused pores and shrink holes, which may affect strength, tightness, and the 
surface roughness. Special attention has to be paid to surface-near zones up to about 2 mm depth because 

pores might be broached while machining the parts. High-frequency ultrasonic backscattering is applied for 

porosity detection, and the signal to grain noise ratio of the results is discussed. [1] 
 

The two-phase anisotropic structure of typical composite materials, used e.g. in aircraft industry, implies a 

variety of challenges, not only structural scattering, but also beam skewing and sound field distortion, which 

complicates the localization, sizing, and characterization of defects. Inspections are required during the 
manufacturing stage, and additional tasks emerge once the composite ages, maybe by mechanical fatigue, 

chemical ageing, or irradiation. The characterization of composite materials based on ultrasonic methods 

allows monitoring the material properties along the whole life cycle of the parts. [2] 
 

In the literature, comprehensive theoretical studies aiming for ensemble averaged intensities of scattering 

waves in microscopically inhomogeneous media arriving at a transducer attached to a sample surface for a 

given incident wave can be found, including effective sound velocity and attenuation calculations (e.g. [3-6] 
and references therein). Ensemble average means statistical average respective microscopic inhomogeneity 

reflecting the macroscopic materials behavior. 

 
Numerical simulations of ultrasonic experiments and ndt&e procedures follow a different approach. A 

convenient microstructural scattering model capable to simulate ultrasonic time signals, e.g. A-scans 

(backscattering signals), flexibility in shape and macroscopic material inhomogeneity (e.g. microstructure 
variations, defects, etc.) of the considered component, and analytical scattering coefficient formulae allowing 

fast simulation algorithms are required. Statistically distributed single scatterers the ensemble averaged 

scattering energy flux densities of which reflect the structural noise in the test block may be used as grain 

scattering model [7]. The convenient numerical simulation procedure is then point source synthesis of the 
scattering waves stemming from the scatterers simulating structural noise and maybe also from defects and 
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impurities including possible reflections at the sample surfaces. At the half space surface of a semi-infinite 
microscopically inhomogeneous solid of macroscopic homogeneity, the point source synthesis will yield the 

scattering wave intensities well-known from the literature (e.g. [3-6] and references therein). 

 
The solutions of the general equation of motion of inhomogeneous materials, which represent the ultrasonic 

displacement vectors in the considered medium, contain not only the incident ultrasonic wave and its 

propagation behavior, but also the scattering waves [3]. The scattering wave energy flux densities are 

formally derived from the infinite Born series presentation of these solutions. The energy flux densities are 
ensemble averaged respective the microscopic inhomogeneity and, to begin with, analytically evaluated for 

single-phase polycrystals in lowest non-zero order. The resultant directional and frequency dependent 

scattering wave amplitudes provide with the theoretical base for the simulation of ultrasonic propagation and 
nondestructive testing and materials characterization procedures and ultrasonic signal evaluation in 

polycrystalline materials [8]. The general elastodynamic equation of motion allows similar analytical 

evaluations for materials with different microstructural features. 

 
Grain size distributions of single-phase polycrystals without texture determined by metallography are 

exploited for numerical realizations of proper statistical scatterer distributions. A 3D model is used to 

represent the arrangement of scatterers. Applying the analytical scattering coefficient formulae provided by 
the general theoretical approach [8], ultrasonic backscattering signals are numerically simulated [9, 10]. 
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Acoustic emission and kinetics of dislocations emitted from a crack is studied via molecular dynamics
(MD) utilizing nonlinear interatomic forces, [1] and [2]. 3D results indicate that edge dislocation
segments in the middle of the crystal at the free sample surface can accelerate. The dislocations in
MD penetrate the free surface in transonic or supersonic regime. Possible sources for such behaviour
are discussed in the framework of continuum models. MD results comply with recent continuum
analysis [3] of surface waves in anisotropic medium where supersonic regime of wave propagation at
the free surface can exist unlike isotropic continuum.
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High-performance yarns are the basic construction materials for many soft body armors. It is not cost and 
time effective to test the performance of body armors by ballistic impact on the armors during the 
development stage. In this research we explore the wave propagation in a single yarn subject to transverse 
impact in the effort to identify the single-yarn behavior as indicators of body-army performance. The 
commonly accepted performance indicator for body armors is Cuniff parameter [1], whereas the single-yarn 
impact response was modeled by Smith equations [2]. In the experimental side of this research, we impacted 
single yarns in a transverse fashion to probe the characteristics of resulting stress and strain wave 
development. Longitudinal wave speeds were experimentally determined in efforts to directly measure the 
yarn tensile stiffness. Slight increase in the elastic moduli of Kevlar® KM2 and Dyneema® SK76 yarns 
were measured with increasing striking velocity. Furthermore, the load developed in AuTx® and Kevlar® 
KM2 yarns behind the longitudinal wave front was recorded, providing additional verification for the Smith 
relations. Predictions on the transverse wave by the Smith equations has were successfully verified via 
tracking transverse wave speeds in AuTx® yarns over a range of impacting velocities. Additional emphasis 
has been placed at understanding the transverse wave development around the yarn critical velocity, 
demonstrating that there is a velocity zone where partial yarn failure is detected. Above the critical velocity, 
the projectile cuts through without significantly deforming the yarn transversely. However, measurements of 
early time transverse wave speeds agreed with the Smith solution, though the wave speed quickly reduces in 
amplitudes due to the drop in tensile stresses resulting from filament rupture. Below the critical velocity, the 
yarn did not fail, but formed a tent shape with apex pushed by the projectile. The shape and the propagating 
speed are accurately predicted by the Smith equations. Finally, the Smith equations were simplified and 
compared to the Cunniff parameter, which bear a striking resemblance. Due to such a resemblance, it is 
suggested that yarn critical velocity experiments can be performed on trial yarn material. Based on the 
models of Smith equations and Cunniff parameter, the effect of modifying yarn mechanical properties on the 
ballistic impact performance is discussed [3].  
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Figure 1: Transverse impact by an FSP on an AuTX® yarn near critical velocity. 
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This paper is concerned with the effect of the stress wave on the strain hardening behaviour of materials at a 
wide range of strain rates ranging from 0.0001 s 1 to 4,000 s 1. When the strain rate is beyond the quasi-
static state, the stress wave is induced in the stress measuring devices inevitably, which causes 
inappropriate measurement of the flow stress because of wave dispersion. In measurement of the flow 
stress, it is necessary to consider the effect of the stress wave and its dispersion for reliable measurement 
results. Especially when the measurement needs to perform for a soft material such as PBX (Polymer-
Bonded Explosives) simulants, it becomes critical to deal with the wave dispersion in SHPB (split 
Hopkinson pressure bar) tests. The experimental setup needs a noble device to induce the standard waves in 
the incident and reflected bars by controlling the wave dispersion in Hopkinson pressure bars [1]. 
The figure 1 and 2 demonstrate the stress wave induced in the incident bar when a projectile hits the end of 
the incident bar. When a projectile is aligned by guides as shown in Figure (a), the stress wave is induced in 
the incident bar improperly because of wave dispersion. The stress waves acquired from the strain gauge in 
the bar well demonstrate the essence and importance of the design of a projectile and its triggering devices. 
 

       
(a)                                                    (b) 

  
Figure 1: Projectiles for Split Hopkinson Pressure Bar test: (a) jig 1; (b) jig 2. 
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Figure 2: Stress Waves in the incident bar during Split Hopkinson Pressure Bar test: (a) jig 1; (b) jig 2. 

 
Even when the strain rate is from the quasi-static state to intermediate strain rates ranging from 0.0001 s 1 
to 100 s 1, the measurement of flow stress needs to be carried out carefully in order to avoid the effect of 
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the stress wave and its dispersion [2, 3]. The figure 3 and 4 demonstrate the stress wave effect on the load 
measurement from the upper jig including the load cell during the intermediate tensile test of a high 
strength steel. It is noted from the figure 4 that the design of the upper jig has direct influence on the load–
time curve.    
 

                            
(a)                                             (b)                                             (c) 

 
Figure 3: Upper gripping jigs for HSMTM: (a) jig 1; (b) jig 2; (c) jig 3. 
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Figure 4: Load curves of SPRC35R at 50/sec with: (a) jig 1; (b) jig 2; (c) jig 3. 

 
With the careful experiments for the stress wave effect, the stress–strain curves at a wide range of the strain 
rate has been obtained for the accurate simulation of plastic stress wave propagation in several practical 
application such as the launching of a warhead and the penetration of a warhead through the steel target in 
order to confirm the sustainability of the electronic fuse elements and other parts in a warhead. 
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This study starts with a simple question: can we efficiently reduce the vibration of plates or beams using 
a lightweight structure that occupies a small space? As an efficient technique to dampen vibration, we 
adopted the concept of an Acoustic Black Hole (ABH) with a simple modification of the geometry. The 
original shape of an ABH has a straight wedge-type profile with power-law thickness, with the reduction of 
vibration in beams or plates increasing as the length of the ABH increases [1]. However, in real-world 
applications, there exists an upper bound of the length of an ABH due to space limitations. Therefore, in 
this study, the authors propose a curvilinear shaped ABH using the simple mathematical geometry of an 
Archimedean spiral, which allows a uniform gap distance between adjacent baselines of the spiral [2].  

In numerical simulations, the damping performance increases as the spiral length of the Archimedean 
spiral increases regardless of the curvature of the spiral in the mid- and high-frequency ranges. Adding the 
damping material to the ABH could strongly enhance the damping performance while not significantly 
increasing the weight.  

In addition, the authors experimentally investigate the effect of curvatures of the curved ABH on the 
vibration damping performance. The curved ABHs studied in this work are divided into two cases: (1) the 
curved ABH with the baseline of constant curvature, i.e., a circular arc shape, (2) the curved ABH with the 
baseline of varying curvatures. After manufacturing the spiral ABH with high precison, the authors perform 
experiments to investigate the effect of curvatures on the damping performance of the circular arc shaped 
ABHs [3]. An Archimedean spiral ABH, a particular form of the curved ABH of slowly varying curvatures 
is also investigated experimentally in order to create the possibility of using the spiral ABH as a new and 
efficient method of damping vibration in real-world problems. 
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Transition waves are a unique class of evolution event propagating through a domain and converting
a concerned system from one stable state to another. These waves can explain phenomena such as
dislocation motion, ferromagnetic domain wall motion, ferroelectric domain switching, among others
(see [1] and references therein). Unfortunately, these phenomena emerge at the microscopic and atomic
scales and are hard to observe or control. In this study, we focus on mechanical analogs, multistable
mechanical metamaterials, that obey the same principles and allow full control over their design and
operation, hence, enabling to establish a theory for the underlying phenomena and regulate the design
to receive the desired dynamical response of the system. Our studies of 1D and 2D systems with one
degree of freedom (DoF) per node have shown that providing a nonsymmetric bistable energy potential,
elements can snap between two states and initiate sustainable transition waves through the system
with constant speed. These systems follow a universal scaling law describing the energy transport,
relating transition wave speed, elastic energy release, and dissipation through mechanical damping
[2, 3]. However, considered systems in these studies are not reconfigurable, i.e., switch between states
keeping a constant size.

We consider networks of bistable elements changing their geometry between two stable configurations
forming 1D and 2D systems respectively with one and two DoFs per node. We model these systems
by attaching multistable elements − consisted of point mass m, springs with stiffnesses of k1 and k2
forming a bistable energy potential ψ, and viscous dashpots with dissipation η − on a periodic lattice
in 1D, and a hexagonally packed lattice in 2D. We label each bistable element with the multi-index
integer n ∈ R2 and characterize by the lattice basis vectors e1 = (1, 0) and e2 = (1/2,

√
3/2). Each

element is connected to its set of nearest neighbors and represented by the displacement qn1,n2
(t) =

(un1,n2(t), vn1,n2(, t)) from the static equilibrium situated at position p = a(n1e1 + n2e2) where a is
the lattice spacing.

In the case of 1D discrete system, we consider a nonconvex energy density of ψ similar Fig. 1a and we
derive the equation of motion

mün1 + η(
−u̇n1−1 + 2u̇n1 − u̇n1+1

a
) + ψ′(

un1 − un1−1
a

)− ψ′(un1+1 − un1

a
) = 0. (1)

which upon taking its limit a → 0 using Taylor expansion of un1±1 and the correct scaling of the
system parameters, we obtain

ρü− ηu̇xx − ψ′′(ux)uxx = 0, (2)

where ρ = m/a is the mass density.

We present a theoretical description of the strongly-nonlinear transition waves propagating in the
media and in the case of significant damping, |ρü| � |ηu̇xx|, we recover the energy transport scaling
law

E

v
=

∆ψ

2η
. (3)

where E is the total relative kinetic energy per density ρ transported by the transition wave with
speed v (Fig. 1).
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Figure 1: Example of moving transition wave. (a) energy landscape corresponding to bistable element
(d); (b) state of strain at t = 3; (c) contour plot of the wave propagation in x-t form. The phase
boundary moves at a constant velocity; (e) state of wave speed at t = 3.

In the case of 2D system, we assume a predominant volumetric deformation is the source of bistability,
and define the energy density ψ = ψb(θ) + ψd(e), with the bistable energy share of ψb(θ) and the
deviatoric strain energy share of ψd(e). The energy density is a function of hydrostatic and deviatoric
strains with respectively θ = εii/d and e = devε = ε − θI in d dimensions. The balance of linear
momentum in absence of body forces and inertial effects reads ∇.σ = 0, which upon substitution of
σ = σe+σv with the elastic stresses σe = ∂ψ/∂ε and viscous stresses σv = ηε̇, the governing equation
of the system becomes

ψ′′(θ)
d
∇θ + µ dive+ η divε̇ = 0. (4)

We solve (4) numerically and verify our scaling law experimentally for a variety of systems.
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Luděk Klimeš
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The 3×3×3×3 complex–valued frequency–domain stiffness tensor (elastic tensor, tensor of elastic
moduli) cijkl = cijkl(xm, ω) is symmetric with respect to the first pair of indices, cijkl = cjikl, and
with respect to the second pair of indices cijkl = cijlk. It is thus frequently expressed in the form of
the 6×6 stiffness matrix which lines correspond to the first pair of indices and columns to the second
pair of indices.

In an elastic medium, it was proved that the stiffness tensor is symmetric with respect to the exchange
of the first pair of indices and the second pair of indices, cijkl = cklij . The 6×6 stiffness matrix is thus
symmetric in an elastic medium.

However, the above mentioned proof does not apply to a viscoelastic medium. Analogously to [5], we
thus consider viscoelastic waves with a non–symmetric stiffness matrix, cijkl 6= cklij. The frequency–
domain ray theory in question is described in [4]. Here we derive the corresponding representation
theorem. Refer to [3] for more details. For the sake of better correspondence, the equations are
labelled here according to [3].

Viscoelastodynamic equation in the frequency domain

The anisotropic viscoelastodynamic equation for the displacement in the frequency domain reads

[cijkl(x, ω)uk,l(x, ω)],j + ω2̺(x)ui(x, ω) + f i(x, ω) = 0 . (9)

The Einstein summation over repetitive lower–case Roman indices is used hereinafter. If the defini-
tion volume for viscoelastodynamic equation (9) is not infinite, we assume homogeneous boundary
conditions according to [1], box 2.4.

The frequency–domain Green function for a viscoelastic medium is the solution of equation

[cijkl(x, ω)Gkm,l(x,x′, ω)],j + ω2̺(x)Gim(x,x′, ω) + δi
m δ(x−x′) = 0 , (10)

analytical with respect to the inverse Fourier transform. The partial derivatives are related to vari-
able x.

Representation theorem

Analogously to [2], eq. 12, we define complementary medium c̃ijkl(x, ω) = cklij(x, ω) corresponding to
the transposed stiffness matrix.

We define the frequency–domain complementary Green function G̃km(x,x′, ω) as the frequency–domain
Green function in the complementary medium,

[cklij(x, ω) G̃km,l(x,x′, ω)],j + ω2̺(x) G̃im(x,x′, ω) + δi
m δ(x−x′) = 0 . (13)

We first derive the provisional representation theorem as the relation between the frequency–domain
wave field ui(x, ω) in the given medium and the frequency–domain complementary Green function

G̃im(x,x′, ω). We consider volume V which is the subset of the definition volume for viscoelastody-
namic equation (9) and need not contain the support of force density f i(x, ω). We multiply equation
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(13) for the frequency–domain complementary Green function by ui(x, ω), subtract the product of the

frequency–domain viscoelastodynamic equation (9) with G̃im(x,x′, ω), integrate over volume V , and
after simple conversions arrive at [3]

um(x′, ω) =

∫

V
d3x

{
G̃im(x,x′, ω) f i(x, ω) − [G̃im,j(x,x′, ω) cijkl(x, ω)uk(x, ω)],l

+ [G̃im(x,x′, ω) cijkl(x, ω)uk,l(x, ω)],j

}
. (16)

We apply the divergence theorem to the integral of the gradients and obtain the provisional represen-
tation theorem [3],

um(x′, ω) =

∫

V
d3x G̃im(x,x′, ω) f i(x, ω)

+

∮

∂V
d2x

[
G̃im(x,x′, ω)nj(x) cijkl(x, ω)uk,l(x, ω)−G̃im,j(x,x′, ω) cijkl(x, ω)uk(x, ω)nl(x)

]
, (17)

where ni(x) is the unit normal to the surface ∂V of volume V pointing outside volume V .

For f i(x, ω) = δi
n δ(x−x′′), the above equation yields um(x′, ω) = Gmn(x′,x′′, ω). Integrating over the

whole definition volume, we obtain reciprocity relation

Gmn(x′,x′′, ω) = G̃nm(x′′,x′, ω) (18)

between the frequency–domain Green function and the frequency–domain complementary Green func-
tion.

We now insert reciprocity relation (18) into provisional representation theorem (17), and obtain the
final version of the representation theorem:

um(x′, ω) =

∫

V
d3x Gmi(x

′,x, ω) f i(x, ω)

+

∮

∂V
d2x

[
Gmi(x

′,x, ω)nj(x) cijkl(x, ω)uk,l(x, ω) − Gmi,j(x
′,x, ω) cijkl(x, ω)uk(x, ω)nl(x)

]
. (19)

The integral over volume V represents the wave field corresponding to the sources situated inside
volume V . The integral over the surface ∂V of volume V represents the wave field corresponding to
the sources situated outside volume V , and is zero if all sources are situated inside volume V .
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[3] L. Klimeš. Representation theorem for viscoelastic waves with a non–symmetric stiffness matrix.
Seismic Waves in Complex 3–D Structures, 27: 93–96, 2017, online at “http://sw3d.cz”.
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Time reversed acoustics (TR) allows focusing of elastic waves in time and space based on recorded forward 
propagation response [1]. The method takes advantage of complicated wave propagation including 
reflections and scattering in order to direct backpropagating waves to their original source. Apart from FEM 
simulations commonly used for wave propagation simulations, ray based approach allows us to have “a look 
under the hood” and trace each partial contribution to TR reconstruction individually. This is especially 
useful when analyzing general principles of TR. 

The theory of TR is using Green functions to describe the wave propagation from the source to a 
sensor. When considering that the wave propagation takes place along a certain wave paths – rays, the Green 
function degenerates to a sum of delta functions with delays corresponding to arrival times of particular rays. 
In this work a simple geometric method was used to compute the arrival times of rays. Our method is 
applicable only for rectangular (or cuboid) geometry and acoustic waves but that does not compromise its 
usability for TR analysis, since the principles of TR are independent of those restrictions. The way in which 
are the arrival times computed, is sketched in Fig. 1a. The whole procedure is based on a construction of a 
grid of virtual sensors which are mirror images of the real sensor with respect to the edges of the specimen. 
The model is used to explain the temperature effects on TR focusing or time reversal of continuous sources. 

 

  
 a) b) 

Figure 1: a) Ray construction by creating a grid of virtual sensors. b) An example of resulting TR focusing. 
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At this time, additive technology is acceptable as a technology for manufacturing of complex bodies with
complicated shapes and various and advanced properties as smart materials, where conventional technologies
are not possible to use for manufacturing. One could find applications of 3D printed bodies in mechanical,
biomechanical or aerospace engineering and in many others. For that reason, understanding to wave processes
in heterogeneous, layered and functionally graded materials is important issue [1]. Based on this knowledge,
heterogeneous bodies under dynamic and shock loading can be designed to hold optimal properties for real
applications with respect to utilization, termo-mechanical behaviours, lifetime, cost and so on.

Wave propagation problems in graded elastic bars has been studied in [2]. The accurate modelling of discon-
tinuous wave propagation in elastic heterogeneous bodies is still an open problem in numerical methods. In
the context of the numerical modelling, complications arise from spurious stress oscillations, different wave
speed in each material point, varying local stability conditions with obvious consequences on the discretization
scheme, and dispersion errors. The numerical methods currently used comprise the finite volume method [3],
spectral methods, higher order discontinuous Galerkin formulation, the graded finite element method [4] and
many others. In this paper, we adopted the Park’s scheme with pullback time integration presented in [5]. In
this method, the local stepping algorithm with respect to local wave speed and local stability condition at each
material point is employed [6].

1 Wave propagation in graded bar with linear distribution of elastic modulus

We study discontinuous wave propagation in a graded bar with the linear distribution of elastic modulus and
constant mass density. The analytical solution of the problem can be found in [7]. The length of the bar is
L = 1 m. In this test, the mass density is chosen as ρ = 1 kg/m3. The elastic modulus on the left side of the bar
is E1 = 1 Pa and on the right side it is set as E2 = 0.25 Pa. The bar is loaded on the left side by the Heaviside
pulse with the stress amplitude as σ0 = 1 Pa. Results of numerical solution of the elastic wave propagation
problem in the graded elastic bar are presented in Fig. 1 for time T = 0.75 s obtained by the analytical solution
[7], semi-analytical solution with the numerical inverse Laplace transformation [8], the finite volume method
[3], the finite element method with explicit time integration by the central difference method, the finite element
method with the Park’s method with and without the local time stepping [6]. For FEM and FVM, the time step
size was set as a minimum value of local stable time steps over all elements/cells.

In the numerical test, the presented explicit scheme with local time stepping produces results with improving
spurious oscillations in the finite element method. We observed only cusps on wavefront of stress discontinu-
ities. Further, the improvement of stress spurious oscillations is evident with comparison of the scheme with
and without local time stepping, because the local stepping time process respects local critical time step size at
each material point.
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(a) (b)

(c) (d)

Figure 1: Stress distributions in a graded bar obtained by a) FEM with the central difference method (CD),
b) FEM with the Park method without local time stepping, c) FEM with the Park method with local time
stepping, and d) FVM.
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The use of additive manufacturing (AM) has rapidly grown in the recent years, as the AM techniques are 

capable of the fabrication of samples with complex geometries. Robocasting is an AM method, in which 

ceramic scaffolds consisting of thin ceramic rods are produced by layer-by-layer printing of the 

corresponding ceramic-based pseudoplastic ink. The ceramic powder is mixed with water and organic 

additives to create a printable ink with highly shear-thinning behavior, and this ink is then extruded through 

a nozzle following a predefined printing pattern. After drying and burning-out of the organic additives, the 

ceramic scaffolds are densified by using the spark plasma sintering (SPS) technique, leading to the structure 

consisting of well-interconnected fully sintered ceramic rods. 

 

In this work, the acoustic properties of different patterned robocast silicon carbide (SiC) scaffolds are 

studied. All of them had a parallel orientation of the ceramic rods in the same layer, and they differed in 

mutual orientation of the rods in the neighboring layers, leading to several types of material symmetry. For 

tetragonal scaffolds, the rods in each layer were perpendicular to the rods of the neighboring layers, and for 

hexagonal scaffolds, the angle between the orientations of the rods of the neighboring layers was 60°. 

Moreover, two orthorhombic scaffolds were produced, one had two different in-plane spacings between the 

rods, and the other had the rods inclined of 46° angle to the rods in the neighboring layers. 

 

The acoustic properties of the ceramic scaffolds were obtained by utilizing finite element method (FEM) 

modeling [1]. For each scaffold, a computational unit cell with the geometric parameters of the sintered 

scaffolds was designed. Then, tensile and shear straining modes were applied, and the full set of elastic 

coefficients was determined by FEM. The distributions of phase velocity, slowness vector, and group 

velocity vector were obtained from the Christoffel’s equation. 

 

The tetragonal scaffolds were shown to focus the acoustic energy along the rods, as the group velocity 

vector lies along the rods for the most of the wave propagation directions in the plane parallel to the 

orientation of the rods. The acoustic energy focusing is more pronounced for the sample with higher in-

plane spacing between the rods. Similar effect was observed also for the orthorhombic scaffold with two 

different in-plane spacings between the rods, having the higher group velocity in the direction with denser 

arrangement of the rods. 
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On the other hand, the hexagonal scaffolds exhibited in-plane isotropy due to their highest level of 

macroscopic material symmetry among the studied scaffolds. Nevertheless, the calculation of velocity 

distribution was made from the set of elastic coefficients by the assumption of a homogeneous medium with 

an effective density given by the scaffold geometry. Therefore, these results correspond to a low-frequency 

limit, where the wavelengths are much higher than the principal dimensions of the scaffolds. When the 

wavelengths become comparable to the spacings between the rods, some level of acoustic energy focusing 

can be expected. Thus, the FEM model was also utilized for dynamic calculations of the wave vector 

dependence on the wave frequency. It is shown that the acoustic energy becomes more focused along the 

ceramic rods with increasing frequency even in the hexagonal scaffolds. 

 

The robocast ceramic scaffolds also exhibited phononic crystal behavior, as it was shown in [2]. The 

transmission of longitudinal waves was measured through the robocast scaffolds placed between 

piezoelectric transducers. The longitudinal pulses with nominal frequencies from 1 to 12 MHz were sent 

along one of the directions of the ceramic rods and the amplitudes of the received signal were analyzed. 

Moreover, FEM modeling was also utilized to calculate eigenfrequencies for a given set of wave vectors, in 

order to identify eigenmodes with dominant longitudinal component. The frequency band gaps calculated 

by FEM, e.g. the frequencies where there is no eigenmode with dominant longitudinal components, very 

well correspond to the frequencies, at which the measured amplitudes of the transmitted longitudinal wave 

signal were very low. Thus, it is shown that these robocast SiC scaffolds exhibit frequency band gaps in 

MHz range. 
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The dispersion of propagated waves is a dependency of a phase velocity on its frequency or wavenumber.
The finite element method (FEM) [1] shows this disperive behaviour [2]. The phenomenon originates
from the replacement of continuous variables with their discrete counterparts. During the modelling
of elastic wave propagation in solids by the finite element method, the solution is influenced by both
the spatial and temporal dispersion errors caused by discretizations in space and in time, see e.g. [2].

Here the regular two-dimensional mesh assembled from four-noded bilinear and eight-noded quadratic
serendipity square elements was studied with the size of an element H for plane strain condition. The
spatial dispersion errors of such elements are studied in [3] with results, that the difference between
the calculated phase velocity and theoretical one in continuum is less then 2% in the case when the
wavelength λ is modelled by at least three quadratic elements, i.e. H/λ < 1/3, or by ten bilinear
elements, i.e. H/λ < 1/10.

Additional dispersion errors are caused by the temporal discretization during the direct time integra-
tion. The error estimation for explicit time integration method is given in [4]. Similarly the dispersion
errors for the implicit time integration methods are established here. The most well known implicit
time integration methods are those from the Newmark family, [5]. The work is limited to method with-
out numerical dumping with the parameter γ = 1/2, namely the average acceleration method with
the parameter β = 1/4, the linear acceleration method with β = 1/6 and Fox-Goodwin method with
β = 1/12. The dispersion properties were determined in the similar way as in [4]. The non-dimensional
angular wave velocity ω̄i of the propagated wave is [6]

ω̄i =
2

C
arcsin

√
ΛiC2c20

4βλiC2c20 + 4c21
, i = 1, 2, ..., Nc (1)

where C = ∆tc1/H is the Courant number representing the non-dimensional time step size, ∆t is
the time step size, c0 is the wave speed in a bar, c1 is the wave speed of the longitudinal wave for
plane stain condition, and Λi are the eigenvalues for grid dispersion computations, see ([4]). Nc is
the number of dispersion branches. During assembling the matrices for the eigenvalue problem the
consistent mass matrix was employed.

For the average acceleration method with γ = 1/2 and β = 1/4, the dispersion errors of the numerical
phase velocity are depicted in polar diagrams in Fig. 1. For different Courant numbers, the dispersion
errors of the phase velocity of the shear wave (red line) and longitudinal wave (blue line) modes
are given for bilinear (left) and quadratic (right) elements. For quadratic elements some spurious
optical modes appears. Black line show the values of the phase velocity of the shear (smaller circle)
and longitudinal (bigger circle) waves in continuum. The dispersion polar diagrams for the linear
acceleration method are shown in Fig. 2. The plots shown in Fig. 1 and 2 enable us to estimate the
dispersion errors during the transient dynamic calculations.
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Figure 1: Dispersion errors on the phase velocity for the average acceleration method.
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Figure 2: Dispersion errors on the phase velocity for the linear acceleration method.
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The bi-orthogonality relations [1-2] are known as a robust tool for solving forcing problems for infinite and 

semi-infinite waveguides, which support infinitely many free waves. The canonical examples are the 

Rayleigh-Lamb problem for a semi-infinite elastic layer exposed to the edge excitation [3] and formulation 

of Green’s matrix for a cylindrical shell filled with a compressible inviscid fluid [4]. These relations allow to 

find the modal amplitudes independently upon each other and to control convergence very easily. Such an 

efficiency is achieved due to exploiting the oddness/evenness properties of generalised displacements and 

forces, which are, following [2,4,5], divided into the Class A and Class B functions.        

 

Remarkably, the bi-orthogonality relations, although formulated for free waves in unbounded symmetric 

waveguides, can be used for accurate prediction of eigenfrequencies of finite structures, and this is the 

subject of intended presentation. In the cases, when boundary conditions are formulated consistently with 

the Class properties, eigenfrequencies may be found directly from the inspection of dispersion diagrams. In 

the cases of an ‘inconsistent’ formulation of boundary conditions (i.e., then functions belonging to different 

Classes are involved) a simple method is proposed to accelerate convergence of numerically found 

eigenfrequencies to their exact values.  

    

The technicalities of eigenfrequency analysis by means of the bi-orthogonality relations are illustrated in 

elementary examples, where exact solutions are available. Then two advanced problems (the 

eigenfrequency analyses of a finite membrane backed by a layer of compressible fluid and of a finite 

segment of a thin elastic cylindrical shell filled with a compressible fluid) are solved and the differences 

between the cases of ‘consistent’ and ‘inconsistent’ boundary conditions are highlighted and explained. 
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This work considers detection of defects in reinforced polymer materials by using nonlinear ultrasonic
spectroscopy. Carbon Fibre Reinforced Polymer (CFRP) is increasingly used in safety-critical applica-
tions, where its performance needs to be closely monitored. In contrast, the monitoring can be difficult
due to its complex internal structure. Furthermore, its possible defect models are disadvantageous
to ultrasonic Non-Destructive Testing (NDT). Therefore novel signal processing methods need to be
used to detect smaller than wavelength defects in CFRP.

We are using the Time Reversal – Nonlinear Elastic Wave Spectroscopy (TR-NEWS) [2, 7] and
delayed TR-NEWS [5] signal processing methods to detect the sources of nonlinearities, such as contact
acoustic nonlinearities [1, 4, 6], by focusing the ultrasonic wave energy into the defect to “activate” the
nonlinearity. The studies use finite element method simulations, which analyse the wavefield at sensors
and inside the material. The parameters are chosen to simulate physical experiments of ultrasonic
TR-NEWS for NDT of CFRP.

TR-NEWS is a reciprocial time reversal method: the transmitting and receiving sensors are dedicated
and do not switch roles. Figure 1 shows the simulation model, which is a 2D model of a CFRP plate
with one transmitting shear wave transducer and one receiving plane wave transducer. The left and
right sides of the model have absorbing boundary conditions to simulate a large plate where the wave
energy is not contained. The defect is situated between the transmitter and receiver but not in close
proximity of either. This simulates an NDT test of a CFRP plate where the location of the defect is
unknown.

The goal is to analyse the applicability of the TR-NEWS and delayed TR-NEWS methods for detecting
nonlinearities in the global sense, i.e. detecting a defect which is not directly under the ultrasonic
transducer, but somewhere else in the object. To do this, the nonlinear signature of the defect needs
to be detected in the received TR-NEWS signal and then used to focus the ultrasonic wave energy on
the defect [3]. Thus the suitability of the TR-NEWS signal processing method is studied for possible
applications in NDT and structural health monitoring.

Figure 1: Schematic of the carbon fibre reinforced polymer plate in the 2D simulation.
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When modelling elasticity of thin-walled structures, the standard finite element method (FEM) suffers
from the shear locking effect meaning that convergence deteoriates when refining the discretization.
The reason is a bad aspect ratio of the geometry under consideration. Besides other methods such as
various plate and shell models a remedy is the mixed finite element method searching simultaneously
for displacements u and stresses σ. It relies on a weak setting of the Hellinger-Reissner formulation

{ ∫
Ω A−1 σ : τ +

∫
Ω div τ · u = 0 ∀τ,∫

Ω div σ · v − ρ
∫
Ω

∂2u
∂t2 · v = 0 ∀v,

(1)

where ρ is the density, : stands for the Frobenius inner product and τ(x), v(x) denote the stress and
displacement test functions, respectively, where τn(x) = 0 on ∂Ω. The first equation in (1) represents
the Hooke’s law, the second equation describes the Newton (force equilibrium) law. The key point
is choosing proper regularity of the stresses and displacements. In the standard mixed setting one
lefts the displacements piecewise discontinuous and the stresses are symmetric tensors with continuous
normal components. However, a known stable finite element discretization over tetrahedra [1] leads
to 162 DOFs per element. Here we follow another approach of Joachim Schöberl and Astrid Pechstein
(born Sinwel) [2, 3] who chose tangential-continuous displacements and normal-normal-continuous
stresses, which leads to a tetrahedral finite element of only 36 DOFs. The method is referred to as
TDNNS.

In [3] prismatic anisotropic elements allowing for discretizations of thin structures are proposed and
analyzed. In [4] we propose novel prismatic hexahedral elements with 2 DOFs per edge, 4 DOFs per
vertical face and 2 (bubble) DOFs per element as far as displacements are considered. Concerning
stresses we have 9 DOFs per face and 70 (bubble) DOFs per element. We can get rid of the large
amount of stress bubbles by hybridization so that the (face, normal-normal) continuity of stresses is
broken and reinforced again by Lagrange multipliers, which act as normal displacements. Therefore
we end up in the following purely displacement finite element:

• 2 DOFs per edge representing tangential displacements,

• 4 DOFs per vertical face representing tangential displacements,

• and 9 DOFs per (both vertical and horizontal) face representing normal displacements.

By means of solution to a quasiperiodic eigenvalue problem on a single layered-element we confirm
that the finite element convergence rate is independent of the thickness. At the same time a very few
(often one) layers of elements in the thickness direction suffices to cover all elastic guided waves up to
ultrasonic frequencies, see Fig. 1.

In this paper we propose parallel solution methods to the arising linear systems of ordinary differential
equations. We employ two methods: spectral finite elements [5] and domain decomposition. The
former makes use of the tensor-product structure and employs L2-orthogonal basis so that the mass
matrix in an explicit time stepping scheme is diagonal. However, the number of time steps can be
large. This is why we also employ implicit time schemes and improve bad conditioning of the arising
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Figure 1: Dispersion analysis (dependence of velocity on the frequency-times-thickness) of elastic
guided waves in a 1 mm thin aluminium plate discretized into 5 layers of elements. Analytical theory
(solid lines), discretization step h := 1mm (crosses) and h := 0.1mm (circles).

systems by means of domain decomposition methods. We are experienced with Schur complement
methods [6], where we solve local problems on subdomains, local problems on pairs of subdomains,
and a global coarse problem. Iterative solution to such preconditioned systems leads to number of
iterates that are only logarithmically dependent on the number of elements per subdomain interface.
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Time reversal (TR) method uses backward wave propagation for refocusing and reconstruction of the
original source, see e.g. [2] or [3]. This method can be employed in non-destructive testing (NDT) for
localization of cracks, imperfections or defects in materials. The TR process, from the perspective of
NDT, consists of two steps. In the first step – the Frontal task, a real body is loaded at the given
place with the defined loading signal and a response is recorded in a prescribed position of the body.
In the second step – the Reversal task, this responding signal is reversed in time and loaded into the
computational model so as to locate so called scatterers (e.g. cracks). In computational TR method,
both steps are performed numerically. Nonetheless, here we focus on refocusing and reconstruction of
the original source.

For numerical solution, we use the linear finite element method, see [1], with the lumped mass matrix
and one-point Gauss integration rule. For direct integration in time the explicit central difference
scheme is employed. This integration scheme is conditionally stable and reversible in time, see [3].

In this paper, we model a situation when temperature changes around several degrees of Celsius in
between the frontal and the reversal problem. Even though the change in shape can be neglected, the
change in elastic parameters plays an important role, see e.g. [4], and this small temperature variation
has to be taken into account in real applications of TR, because the local wave speed changes. We
simulate the change of temperature by modifying Young’s modulus E to make our study dependent
only on one parameter. The change of E reflects in the change of the longitudinal wave speed as

cL =
√

E
(1−ν2)ρ . In the Table 1, the values of cL and E for particular tasks are presented.

100

30
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100

30

(a) Scheme of the stated problem with dimensions
[mm]

(b) Loading Ricker shape pulse

Figure 1: Scheme of the problem and the loading pulse

We consider a two-dimensional domain under a plane stress condition with stress-free boundary condi-
tions. Dimensions of the domain of interest are depicted in Figure 1a. In the Frontal task, the position
”X” shows the location of the loading signal and the position ”O” shows the place of recording of the
response. In the Reversal task, these points are swapped. Figure 1b shows the loading signal.
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Number Decrease cL E

of task of cL in % [ms−1] [Pa]

Reversal task 0 0.00 5 291.265 2.0000 · 1011

Reversal task 1 0.01 5 290.735 1.9996 · 1011

Reversal task 2 0.02 5 290.206 1.9992 · 1011

Reversal task 3 0.05 5 288.619 1.9980 · 1011

Reversal task 4 0.08 5 287.032 1.9968 · 1011

Reversal task 5 0.10 5 285.974 1.9960 · 1011

Table 1: Change of longitudinal wave speed cL and Young’s modulus E in case study

Figure 2: Reconstruction of the original pulse for decreased longitudinal velocities cL

Figure 2 shows the reconstructed pulses for particular decreased longitudinal wave speeds. It is appar-
ent that for values over 0.05% of cL decrease, the reconstructed signal becomes hardly distinguishable.
Roughly estimated, a 0.1% decrease of cL corresponds to an increase of temperature for 15 ◦C.

Acknowledgement
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Metastable states in condensed matter with defects. Defects kinetics is analyzed as specific type of the 
criticality in out-of-equilibrium system “condensed matter with defects” – the structural-scaling transition 
[1].  Theoretical and experimental study is devoted to mechanisms of structural relaxation caused by 
different types of metastable states in condensed matter with defects, strain instability and damage-failure 
transition in a wide range of load intensities. It is shown that the "decomposition" of the metastable states is 
accompanied by the origin of multi-scale collective modes of mesodefects ensembles (microshears, 
microcracks)  described by the kinetics of two structural variables - defect density tensor having a sense of 
deformation due to defects, and structural scaling parameter, which characterizes the current susceptibility of 
material to the defect initiation and growth and  represents the mean ratio of the spacing between defects and 
the size of defects. Defect induced mechanisms of structural relaxation are linked to the generation of 
different types of the collective modes of defects, that have the nature of self-similar solutions: auto-solitary 
waves providing the multiscale plastic strain localization and blow-up dissipative structures responsible for 
the damage localization kinetics. Dynamics of excitation and evolution of collective modes are linked to the 
mechanisms of instability and failure in condensed matter with defects and used to explain the original 
experiments.  
Universality of wave fronts in shocked condensed matter. The subjection of the mechanisms of defect 
induced structural relaxation to solitary wave self-similar solution in the metastability area allowed the 
explanation of the power universality of plastic wave fronts [2]. Such a front propagates without changing  
its form (in the self-similar coordinates) due to a stable balance between competitive processes governed by 
nonlinearly of stress-strain dependence and dissipative (viscous) properties of a medium [3].  

           
 

Figure 1: Explosive  wire initiation of shock wave in liquids (a). Strain rate versus pressure amplitude at 
shock wave front (b) (1 - silicone oil; 2 - transformer oil, 18 °C). 

 
The self-similarity of wave fronts was studied in shock-loaded liquids [4]. A copper wire was exploded in a 
cylindrical chamber  to initiate a compression wave in liquid. The mass velocity at different distances from 
the wire was measured using the VISAR system with a fiber optic gage. It was found that the dependence 
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has a power-law form with an exponent equal to 3.2, which turned out to be close to the values 

established for metals, and points to the self-similar character of the shock front profile. 
These results allow us to justify the assumption that in the range of strain rates (105÷107 1/s), non-Newtonian 
behavior can be associated with the mechanisms of momentum transfer characteristic for plastic flow. Power 
law of the shock wave rise in liquid are analogous to plastic wave fronts in solids [2,3] and reflect the self-
similar character of the momentum transfer in this range of load intensities. This confirms the assumption 
concerning the mechanisms of momentum in the   range of  strain rates 105÷107 1/s due to "coordinated 
motion of groups of molecules" [5, 6]  that is kinematically the equivalent to the plastic shears.  
These data make it possible to conclude that the fluids under corresponding pressure range have relaxation 

times s ~* 51 10  
 that differ by 6 orders of magnitude from the molecular (diffusion) relaxation 

times, the evaluation of which can be obtained on the basis of  the Einstein formula 
2 116 10D sdτ D ~ s  , where   is the distance between particles, sdD  is the self-diffusion coefficient 

[7]. 
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Laser Shock Processing is based on the application of a high intensity pulsed laser beam (I > 1 GW/cm2; t < 
50 ns) at the interface between the metallic target and the surrounding medium (a transparent confining 
material, normally water) forcing a sudden vaporization of the metallic surface into a high temperature and 
density plasma that immediately develops inducing a shock wave propagating into the material. 
 
When its peak pressure is greater than the dynamic yield limit of the material, the shock wave is engineered 
to induce plastic deformation and a residual stress distribution in the target material. The material is also 
heated by the thermal flux generated upon laser material interaction and by the plastic deformation work. 
This can produce a deleterious effect due thermal stress relaxation and tensile stresses generation in a 
narrow layer under the target free surface which can be of a critical importance from the point of view of 
the mechanical behaviour of the treated target [1]. 
 
The appropriate description of the LSP process must obtain the pressure and the heat source pulses applied 
at the target surface from the complex laser–plasma interaction process in the first steps of the treatment. 
 
Provided the large amount of physical phenomena arising in the considered processes, the corresponding 
modelling, including the formation of a vapour/plasma phase, the generally far from equilibrium ionization-
recombination processes in this plasma, its thermos-fluid-dynamic behaviour under extreme pressure and 
temperature conditions (typically leading to pressure/shock waves) an other related effects, require a deep 
understanding of the physics underlying their development, and appears as absolutely needed for the 
reliable predictive assessment of the material evolution under irradiation.  
 
The appropriate description of the LSP process requires a three level description providing the adequate 
interconnection of the data obtained in each phase in a self-consistent way from the physical point of view. 
The referred three-level description includes: 
 
i) Analysis of the plasma electronic population dynamics, including consideration of breakdown 

phenomenology in dielectric media, 
ii) Simulation of the hydrodynamic phenomenology arising from plasma expansion between the 

confinement layer and the base material 
iii) Analysis of the propagation and induction of permanent structural changes by shock wave evolution in 

bulk material 
 
A simulation model (SHOCKLAS), dealing with the main aspects of LSP modelling in a coupled way, has 
been developed by the authors [1,2]. A scheme with the different codes and their relations with input and 
output variables is shown in Fig. 1 (adapted from [2]). 
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Fig. 1. Calculational scheme of the developed system SHOCKLAS 

 
For the description of the Laser-Plasma Interaction, the 1-D HELIOS radiation-hydrodynamics code [2] is 
used to simulate the evolution of the plasma density, temperature, hydrodynamic velocity and ionization 
degree in order to obtain the temporal evolution of the pressure and thermal waves applied to the treated 
solid material. 
 
For the analysis of the behaviour of the solid target material subject to these waves, a FEM based solid 
behaviour model (HARDSHOCK 3D) with fitted material dependent deformation and hardening constants 
is applied. The code solves the shock propagation problem into the solid material, with specific 
consideration of the material response to alterations induced by the thermal and mechanical interaction (i.e. 
effects as elastic-plastic behaviour). The temperature evolution is also computed in a consistent way. 
 
With the aid of the SHOCKLAS calculational system, key results have been obtained on the parametric 
evaluation of experimental conditions to be applied for a successful induction of compressive residual 
stresses fields in technologically relevant materials as different Al and Ti alloys and several stainless steels. 
In the application of the code, involving the consideration of deformation rates exceeding 106 s-1, the 
provision for the appropriate material behaviour constants has also needed to be accomplished. 
 
In the present contribution, characteristic results of the application of the SHOCKLAS calculational system 
are presented showing its appropriateness for the proper modelling of LSP treatments along with new 
developments in the modelling of the materials behaviour at the involved extremely high deformation rates. 
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This talk presents an overview of recent advances in capturing wave front tracking simulation capabilities  
and leverage them in paving a way toward realization of numerical split-Hopkins bar. To this end, we first  
identify prerequisites for a numerical split-Hopkins bar, and survey several notable advances in high-
fidelity numerical simulation of tracking discontinuous waves propagating through linear and nonlinear 
materials.  We have found that a numerical split-Hopkins bar must employ a judicious combination of nano 
, micro and continuum-scale wave treatment strategies. In particular, accurately capturing energy exchanges  
among vastly different wave lengths constitute a key element for the successful development of a numerical 
split-Hopkins bar.   
 
Research needs for realizing numerical split-Hopkins bar are listed in a hierarchical levels and this 
presenter’s sincere hope is that this community addresses research issues identified in the present study. 
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There are two frequently used approaches suitable to solve Rayleigh waves propagation problem in
two-dimensional anisotropic elastic media—the stress formulation, which yields an explicit secular
equation, and the displacement formulation, which yields an implicit secular equation. In this work,
however, the displacement formulation is used and the explicit secular equation is obtained. Further,
an equivalence between the stress and displacement formulation is shown.

Let us suppose that material and body axes of two-dimensional orthotropic linear elastic medium are
denoted by X1, X2 and x1, x2, respectively. The third axis x3 = X3 is perpendicular to the x1–x2
plane and constitutes an axis of possible rotation of principal material axes X1, X2 from body axes
x1, x2 by the angle ϑ, as shown in Fig. 1. Material obeys Hooke’s law in the form



σ11
σ22
σ12


 =



C11 C12 C16

C12 C22 C26

C16 C26 C66






ε11
ε22
2ε12


 , (1)

where σij are the stress components, εij are the strain components, and Cij are the elastic stiffness
components. As material and body axes do not coincide, a general stiffness matrix is considered [1].
The strain components are given by

2εij = (ui,j + uj,i) (i, j = 1, 2) , (2)

where ui are displacement components. Neglecting body forces, the equation of motion reduces to

σij,j = ρ ui,tt (i, j = 1, 2) , (3)

where t is the time and ρ is the density of material. The solution of Eq. (3) may be assumed in the
form

ui (x1, x2, t) = Ui exp [ ik (x1 − px2 − vt)] (i, j = 1, 2) , (4)

where k is a positive wave number, v is the velocity, and p = iq/k, where q is a complex-valued
attenuation factor. Substituting Eq. (4) into Eq. (3), a non-trivial solution is obtained if and only if

[
k2C11 − 2ikqC16 − q2C66 − k2ρv2

] [
k2C66 − 2ikqC26 − q2C22 − k2ρv2

]
−

[
k2C16 − ikq(C12 + C66)− q2C26

] [
k2C16 − ikq(C12 + C66)− q2C26

]
= 0, (5)

x3 = X3 x1

x2

X1X2

ϑ

ϑ

x3 = X3

Figure 1: Coordinates defined in a thin semi-infinite orthotropic medium.
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which may be rearranged in the form

Ap4 +Bp3 + Cp2 +Dp+ E = 0, (6)

where A, B, C, D, and E are real-valued parameters dependent on ρv2 and Cij , and that can be
found in [2].

As Rayleigh waves are expected to attenuate with depth of media, the displacement field (4) has to
obey the Dirichlet boundary condition in the form

lim
x2→+∞

u1(x1, x2, t) = 0,

lim
x2→+∞

u2(x1, x2, t) = 0.
(7)

Boundary conditions (7) impose restrictions on the roots of Eq. (6). It can be seen that the fulfilment
of Eq. (7) can only be guaranteed by the roots with Im(p) < 0. Let us consider that p2 and p4 are
such roots of Eq. (6).

The Neumann boundary condition for the stress free edge x2 = 0 reads

σ22 = C12ε11 + C22ε22 + C262ε12,

σ12 = C16ε11 + C26ε22 + C662ε12.
(8)

In paper [2], Eqs. (1)–(8) are used to obtain an implicit secular equation and the equation is solved
numerically. In this work, however, it is shown that this system may be used to obtain an explicit
secular equation.

Eqs. (1)–(8) yield a system of algebraic equations in variables p2, p4, and ρv2. Employing substitutions
ξ = p4p2 and χ = p4 + p2, after very long algebra one obtains an explicit secular equation in the form

ax4 + bx3 + cx2 + dx+ e = 0, (9)

where x = ρv2 and coefficients a, b, c, d, and e depend on elastic stiffness components Cij .

Eq. (9) is equivalent to that one obtained by making use of Stroh formalism and reported by De-
strade [3]. Thus, this equivalence reveals certain relation between both the stress and displacement
formulation.
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Understanding of the behavior of localized nonlinear strain waves is important form the point of view of
durability of materials. Also application of such waves is promising for nondestructive testing provided
that these waves keep their form and velocity on propagation. It is known that some balances, like a
balance between nonlinearity and dispersion, allow us to support stale propagation of localized waves.
Breaking of the balances results in the wave delocalization.

Recently, a method of control of nonlinear waves has been developed [1–3]. The algorithm of a
distributed feedback control allows us to achieve the desired profile of a localized wave and its stable
propagation with a permanent shape and velocity. According to the method, an extra term is added
to the equation under study that provides a tendency to a target function. This function does not
necessary correspond to an analytical solution to the equation.

A natural question arises about the reason of such additional term. For this purpose, a mechanical
system has been revealed in [3] where the control terms in the equation for the strain waves in a layer
are caused by an external loading of its lateral surfaces. It was found that the form of the control
terms depends on kind of the waves to be localized, longitudinal or shear.

The aim of the present study is to find out a similar system for a waveguide whose material has di-
atomic crystalline structure. The governing equations are obtained in the continuum form using the
expression for the strain energy developed in [4]. Then the layer is considered subjected to an external
loading. As a result, the coupled nonlinear wave equations are obtained for the functions responsible
for a macro-strain and variations in an internal structure. The loading gives rise to the terms that
paly the role of the feedback control. It is known, that the equations possess localized traveling wave
solutions. However, due to a coupling, stable propagation of the localized waves strongly depend not
only on the equations coefficients but also on the relative position of the waves for macro-strain and
variations in the internal structure. The control allows us to provide the stable propagation of the
localized strain waves even in the cases where analytical solution to the coupled equations without
control don’t exist.
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Reliable and relatively precise location of Acoustic Emission (AE) sources is one of the most 
important inverse problems in nondestructive testing (NDT) and structural health monitoring 
(SHM) of engineering structures. Standard AE source location procedures often fail in a case of 
more complicated structures with wave dispersion, propagation velocity or geometry changes, etc. 
Difficult is also precise location of continuous AE sources like leakage noise. Very effective tool 
in such situations became some years ago time reversal (TR) signal processing [1]. Time reversal 
procedure consists of forward propagation, when a source excites the medium and a complex wave 
field is created, and followed by backpropagation, which results in space time wave focusing and 
source reconstruction. TR operation can also substantially enhance signal to noise ratio (SNR) and 
enables planar source location with only one transducer for burst, and two transducers for 
continuous AE sources [2]. Advantages of TR based source location are in its high precision and 
elimination of problems connected with dispersion, attenuation, reflections, etc. in relatively 
simple way. Some complicated signal processing and knowledge of structure geometry and wave 
celerity is there not necessary.  
 
Disadvantage of that method consists in necessity of detailed scanning the structure surface for 
searching location of the best source reconstruction (signal maximum). Such scanning can be 
performed under e.g. by scanning laser interferometer or mechanical scanner. However, more 
effective solution is TR transfer of detected signal from the real structure onto its numerical model 
(“digital twin”) and source location in the model [3].  
 

 
Figure 1: Simulation of continuous AE source location on metallic structure. 

 
Effectivity of such procedure is illustrated in Fig. 1. Simulated continuous AE source (random 
noise) excites surface of thin metallic stripe (142x24x3 mm) using piezoelectric AE transducer 
acting as a transmitter (source S). Another two similar transducers are placed on the stripe as signal 
receivers (R1 and R2). Signals received by transducers R1 and R2 are time-reversed and 
rebroadcast into the model. Maximum of their cross-correlation define position of the source S. 

cross-correlation 
of TRR1 and TRR2 

R1 

R2 
S 

SOURCE SIGNAL 
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FEM numerical wave propagation model is used for TR signals transfer from experiments. A proper 
calibration of numerical model is essential in order to achieve good transferability of signals. 
Computer model allows better and easier analysis of AE sources and related defects, which has 
special importance at inaccessible structures like flying aircrafts, satellites, nuclear power plants, 
etc.  
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The CFR composites that use the carbon fibred as the primary structural components have particular 
characteristics that make them among the most used for both structural applications and 

components, in all aircraft and spacecraft. [1] The principal damage of those materials by which 
defects are created throughout use is impact damage. Distinctive imperfections are produced by this 
damage are matrix cracking, fiber fractures, and delamination. Therefore it is necessary to inspect 
such defects before propagating and giving rise to serious accident using nondestructive evaluation 

by ultrasound.  
UT is a sensitive technique and the most successful nondestructive evaluation technique for the 
inspection of composites materials, the aim objective of this technique is to obtain images having 
the best possible spatiotemporal resolution. Imaging by ultrasonic testing allows a potential to easily 
distinguish defects, a closer inspection of the region of interest with high resolution and a specific 

value in defects diagnosis, evaluation and accuracy. [2]  
Considering a C-scan strategy which is conducted over composite panels with the elements fully 
coupled to the test medium, one of the challenging problems nowadays is producing high resolution 
images of the scanned parts. This allows by using adequate technique in post-processing of data to 
perform sizing of a flaw by means of the collected defect indication. For large defects, various 

methods have been introduced in order to report the size of the flaw.  
Considering our case the inspection of delamination defect in composite panels. And the ultrasonic 
synthetic aperture technique elaborated in frequency domain as the adequate method enabling high 
resolution imaging at large distances. Especially the algorithm MPSM (Multi-layer phased shift 

migration) which use the Fourier transform and C-scan matrix in order to obtain the focused image. 
In this work, the inspection using C-scan strategy is applied followed by the simulation on 
MATLAB software of the application of the MPSM algorithm to reconstruct the delamination 
defect in the composite panel. A comparison with simulation of MPSM based on B-scan strategy 

and simulation of MPSM based on C-scan strategy is adopted. 
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The mathematical model governing the wave propagation in fluid-saturated porous media (FSPM)
made of an elastic solid skeleton whose pores constitute a connected pore network was first proposed by
Biot [1]. It is well known that, in (mesoscopically) homogeneous media in Rn, there are n+1 principle
modes of plane waves propagating as the n−1 shear waves (S), fast quasi-compressional waves (P1) and
slow quasi-compressional waves (P2), cf. [5], where the homogenization based approach was reported.
In this paper, we consider FSPM governed by the Biot model relevant to a mesoscopic scale whereby
the material coefficients oscillate with a given spatial period. To analyze the wave propagation in such
media, as an alternative to the homogenization based approach, we have derived a formulation based
on the Bloch wave decomposition (BWD) which yields a quadratic eigenvalue problem for complex
wave numbers within the first Brillouin zone associated with the periodic structure. Using an abstract
matrix notation, for a given frequency ω ∈ R, the wave numbers κ and generalized polarizations q 6≡ 0
must satisfy the dispersion equation,

[A + κ2S− κP + iκR− (iω)−1C− ω2M]q = 0 , (1)

where the matrix H := A + κ2S− κP + iκR and M are Hermitean (all depending on ω). However,
due to the permeability represented by the term (iω)−1C, all the wavenumbers are complex.

It turns out that especially the P2 modes are strongly damped, so that is cumbersome to identify them
easily using the BWD approach giving dispersion diagrams with many P2-closed modes of different
attenuation ratios. Therefore, we suggest to use the homogenized model obtained in [2], further
referred to as the simple-porosity (SP) model, as a guide to compare and to identify the particular
propagative modes within the dispersion curves computed using the BWD approach. Due to the
reconstruction based on the corrector results of the homogenization with fixing a finite characteristic
size of the mesoscopic structure (say ε), the wave responses computed by the two approaches can be
compared.

For media with high contrasts in the permeability and other poroelastic coefficients, as associated
with the two components, the homogenization leads to a double-porosity (DP) model with frequency
dependent effective macroscopic parameters [3]. This property amplifies dispersion phenomena [5]. In
paper [4], we compared the two above mentioned models (the SP and DP models) with direct finite
element simulations of the plane wave propagation in a half-space occupied by the heterogeneous
Biot medium. In the present study, an analogous comparison is proposed with respect to the BWD
analysis. While the wave responses computed by BWD approach and using the DP models (if the
high contrasts are considered) depend on a particular size of the mesoscopic heterogeneities, the SP
homogenized model response is invariant with respect to ε, unless the mesoscopic field are to be
reconstructed. For illustration, in Fig. 1 we display the phase velocities and the corresponding quality
factors computed by the two approaches to the analysis of plane wave propagation in the FSPM (a
2D problem with plane strain conditions. The mesoscopic structure is constituted by the sandstone
elliptic inclusions periodically distributed in a rock matrix. The considered characteristic size of the
mesoscopic inclusions ` = 1mm indicates that the Bloch wave analysis relevant to the first Brillouin
zone holds for frequencies below 105Hz, whereas it fails for frequencies higher than 0.5MHz (Note that
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vph ≈ 103 m/s for the P2 wave, which yields the wavelengths λ ≈ ` for the frequencies f ≈ 1MHz.

In this paper devoted to the dispersion phenomena in the FSPM, we discus several issues related to
the mesoscopic structure, such as presence of two fluids, the role of the stiffness and permeability
contrasts, anisotropy and the size effect.
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Figure 1: Phase velocities of P1,P2, and S-waves (left) and the corresponding quality factor. Com-
parison of the BWD approach with the response of the homogenized SP model.
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Success of traveltime inversion in anisotropic media depends strongly, among other effects as con-
figuration of an experiment, amount and quality of data, on the selection of the parametrization of
the medium and on an efficient forward modelling scheme. We react to these requirements by using
the so-called anisotropy parameters, and by using the forward modelling scheme based on the weak-
anisotropy approximation. In this approximation, P and S waves are separated and can be treated
independently. P-wave attributes are then specified by only 15 anisotropy parameters instead of 21
parameters, which are required when we deal with P and S waves together. We test the proposed
inversion scheme on a synthetic VSP (vertical seismic profiling) experiment. From the traveltimes
obtained for the VSP configuration, we try to recover the complete set of 15 P-wave anisotropy pa-
rameters. From them, we can later estimate the type of the anisotropy, its orientation and values
of the parameters in the natural coordinate system, in which anisotropy symmetry elements coincide
with coordinate planes and lines.

Anisotropy parameters, which we are using represent a generalization of Thomsen (1986) parameters,
which were designed for the parametrization of VTI (transverse isotropy with vertical axis of symme-
try) anisotropy. Anisotropy parameters can be used for the specification of anisotropy of arbitrary
symmetry, strength and orientation. They represent an alternative to elements of elastic stiffness ten-
sor or to elastic parameters in the Voigt notation. For the definition and more details on anisotropy
parameters, see Pšenč́ık et al., (2018).

For the inversion of P-wave traveltimes, we use an approximate velocity formula based on the first-
order weak-anisotropy approximation, whose earlier tests indicated that it provides results of high
accuracy even for anisotropy stronger than 20%. Růžek and Pšenč́ık (2016) showed that the formula
is an appropriate choice for the traveltime inversion of noisy data.

We solve the inverse problem in two ways. In the first, simplified way, the VSP experiment is situated
in a homogeneous anisotropic medium. This leads to a linear problem, in which quantities containing
the observed data are linearly related to anisotropy parameters. The solution is explicit, one seeks
15 P-wave anisotropy parameters with no need for an iterative solution. Some promising results have
already been obtained in this respect, see Růžek and Pšenč́ık (2016), Pšenč́ık et al., (2018). In the
second way, the VSP experiment is situated in an inhomogeneous anisotropic medium. This leads to
a significantly more complicated problem. The problem is non-linear. Instead of one set of 15 P-wave
anisotropy parameters as in the previous case, sets of 15 P-wave anisotropy parameters must be sought
in a system of grid points.

An example of results of the traveltime inversion in the VSP experiment situated in a homogeneous
orthorhombic medium is shown in Figure 1. The model is a tilted version of orthorhombic medium
proposed by Schoenberg and Helbig (1997). We consider the VSP configuration with 4 receivers
situated in a borehole at depths of 0.1, 0.4, 0.7 and 1.0 km. There are 50 sources distributed randomly
on the surface in the circle of the radius of 1 km around the borehole. “Observed” synthetic P-wave
traveltimes are generated by the program package ANRAY (Gajewski and Pšenč́ık, 1990). Random
Gaussian noise of 5% is imposed on the calculated traveltimes. The goal of the inversion is the
determination of all 15 P-wave anisotropy parameters, and an approximate reconstruction of the P-
wave phase-velocity surface from these parameters. The phase-velocity surface reconstructed from
inverted anisotropy parameters is shown in the right plot of Figure 1. The quality of the inversion
can be checked by comparison with the phase-velocity surface determined from exact anisotropy
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parameters inserted to the same formula (left). Of course, realization of a similar experiment in an
inhomogeneous anisotropic medium is considerably more complicated task.
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Figure 1: P-wave phase-velocity surfaces calculated from first-order weak-anisotropy approximation of
phase-velocity fromula. Exact anisotropy parameters are used in the left plot, anisotropy parameters
estimated from the inversion are used in the right plot.
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Authors of the paper have demonstrated earlier that in case of 1D models of wave propagation the
discrete spectral analysis is very helpful tool in order to analyze the space-time behavior of different
wave structures [1, 2, 3]. Here the method proposed in [1] is generalized to 2D case. The KPI equation

(ut + α1uux + α2uxxx)x − α3uyy = 0, (1)

is applied as a model equation. Here α1, α2 and α3 can be called as the nonlinear coefficient, the
dispersion coefficient and the transverse perturbation coefficient, respectively. For numerical integra-
tion the pseudospectral method is applied. We demonstrate application of 2D spectral characteristics
for analysis of complicated wave structures that can be formed from different bended initial pulses
in case of the KPI equation, see [4] for details. Temporal periodicity, temporal symmetry recurrence
phenomenon and solitonic character of the solution will be discussed in the presentation.

Figure 1: Example of 2D spectral amplitudes.
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Figure 2: Solitonic structures formed from bended intial pulses: u(x, y, 0) = 12 sinh2[x + β cos(δy)] in
the right panel and u(x, y, 0) = sin[γx + β cos(δy)] in the left panel.
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In this contribution, variational multiparameter templates for reciprocal mass matrices in case of
B-spline-based finite elements are proposed and their customization for low grid dispersion error is
performed. The variational templates used in the derivation employ a three-field parametrized func-
tional with primary variables for displacement, velocity and linear momentum and it naturally includes
free parameters. Later, these parameters are defined in the customization procedure. Finally, the lim-
its on accuracy for homogeneous and heterogeneous material are discussed for practically relevant
scenarios.

Recently, several formulations for the scalar wave equation and structural dynamics were proposed
that compute the nodal accelerations from the total force vector by multiplying it with a non-diagonal
sparse matrix also called here reciprocal mass matrix. This idea can be traced back to the dispersion-
corrected method for bilinear quadrilateral elements by Krenk [4] with the equation of motion

DV̇ + KU = F, (1)

DU̇ = 0.5 (D + M)V, (2)

where U and V are the displacement and velocity vectors, K and F are the stiffness matrix and the
force vector, D and M are the diagonalized and consistent mass matrices. This formulation implies
the matrix 0.5 D−1(D + M)D−1 as a directly constructed sparse inverse of the mass matrix. Later,
a similar formulation was used for structural dynamics with low-order elements in [3]. Unfortunately,
a näıve generalization of the approach given in equation (2) with the weighted sum of the diagonal-
ized and consistent mass matrices to B-spline-based elements neither yields satisfactory accuracy nor
provides enough customization parameters. Therefore, a systematic approach extending the ideas of
templates [1, 6] is discussed in this contribution.

The three-field parametrized functional uses a modified kinetic energy inside Hamilton’s principle

T ◦(u̇,v(α),p, C2,α) = −1

2

∫

Ω
ρ−1p · p dΩ +

∫

Ω
u̇ · p dΩ +

np∑

α=1

C2,α

2

∫

Ω
ρ−1(p− ρv(α))2 dΩ, (3)

where ρ is the density, u and p are displacement and linear momentum, respectively. C2,α and v(α)

are the free parameters and the velocity field for (α) = 1, 2, . . . , np. The number of free parameters
np can be chosen depending on the order of the B-spline basis p and the spatial dimension [5]. The
modified kinetic energy is discretized using independent ansatz functions for the fields

u ≈ NU, v(α) ≈ Ψ(α)V(α), p ≈ χP, (4)

where P is the vector of the nodal linear momentum. A special instance of the template can be obtained
in case of biorthogonality between displacement N and linear momentum χ ansatz functions. Then,
after static condensation of velocity parameters V(α) the equation of motion reduces to

Ṗ + KU = F, (5)

U̇ = C◦(C2,α)P, (6)
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with C◦(C2,α) being a reciprocal mass matrix depending on the parameters C2,α. Such a discretization
is optimized for low grid dispersion error for a uniform infinite patch, see [5]. It results in low-frequency
accuracy with order 2p+ 2 for homogeneous materials, where p is the order of the B-spline basis.

This contribution does not cover all issues of the approach. Reciprocal mass matrices for isogeometric
elements that avoid explicit expressions for the dual basis for the linear momentum and also include
elements with Bezier extraction are presented in the contribution [2].
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Impulse, shock wave firefighting systems potentially exceed all other fire extinguishing systems by the
quality of creating localizing jets and flows - their dimensions, kinetic energy, directivity of action
and degree of dispersion of the sprayed extinguishing agents, natural materials. This determines the
effectiveness and scale of the functional impact, in turn. It is shown that the efficiency of the functional
impulse action is mainly determined by the process of motion of the vortex front and its parameters -
density, size, velocity and angle of encounter with the target surface, and not by the completeness of
the uniform distribution of the localizing composition over the target, compositions by a narrow jet or
several jets. It is important that the scale of the motion of the vortex front is equal to or comparable
to the total scale of the surface of the source of the damaging effect, which for the first time makes
it possible to determine with sufficient accuracy the main parameters of quenching: the time, the
consumption of the extinguishing composition, depending on the number of vortices and the time of
their creation, so that the edges of the vortices block the entire area of the hearth.

Experiments on the study of two-phase flow behind a shock tube section were carried out on a detona-
tion plant. The installation barrel consists of two parts: the slow combustion to detonation transition
channel and the research block on which the pressure sensors and powder dispensers were placed. On
the flange of the research unit and on its barrel were installed two pressure sensors, the response time
of which determined the speed of the wave. Changing the volume of air and a detonating mixture,
the regime corresponding to the velocity of the shock wave M = 1.3 was chosen [1].

Since the late 40-ies of the twentieth century, methods of extinguishing fires with the help of rockets,
shells, and bombs, equipped instead of charging explosive with extinguishing powder agents, are
actively being developed, however such use of munitions was ineffective for extinguishing real fires and
was accompanied by large areas of destructive and damaging effects. Therefore, from the mid-1960s,
special barrel, powder spray guns were shot and devices of spherical and hemispherical spraying with
an explosion were developed. Such fire extinguishing systems are called pulsed-vortex [2] or shock-
wave systems [2]. By the power [3] and the effectiveness of fire extinguishing, they potentially many
times exceed the most advanced samples of traditional pneumatic and hydraulic fire engines. Since
1980 the mini-extinguisher was used at the Moscow Olympics-80, modules for preventing fires and
explosions during explosive cutting and welding of gas and oil pipelines; Since May 1986, suspended,
water bombs have been used to extinguish fires in the ”Red Forest”; since 1983. multi-barrel modules
(MM) on the trolley were used in the Metallic Mines (Sverdlovsk) and Coal Mines (Karaganda); in
1988. MM extinguished the bush of burning wells on the offshore platform, Oil Rocks, the Caspian Sea;
since 1984. MM extinguished fires in artillery warehouses; since 1985. mini-modules for extinguishing
fires on the production lines of explosives (explosives) and ammunition; In 1992-94 the ”Impulse-3”
installation was put into practice [3], 15 such units are successfully operated at nuclear power plants
(Chernobyl, Balakovo), oil and gas and chemical facilities in the territories of Russia and Ukraine.

The author describes the implementation of protective technologies: - prevention of volumetric ex-
plosions of dust-gas or vapor-air mixtures, - localization of radioactive dusts by means of large-scale,
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fine-dispersed spraying of viscous and sticky compounds; - deposition of toxic clouds by remote cre-
ation of large-scale squalls of finely-dispersed water; - localization and neutralization of oil and oil
products spills by large-scale and long-distance spraying of sorbents, very sensitive, powdery gases
and detonation products destroyed at high temperatures and pressures of shock waves; - Creation
of large-scale squalls, eddies and hurricanes, imitating natural and flexibly controlled kinetic energy
front for guaranteed non-lethal effects. It achieved a number of positive results in approaching the
technology of explosive, shock-wave directional spraying of special agents and environmentally friendly
materials for practical quenching.

These modules are of great importance, they can be used in combination with the above-mentioned
well-known, pneumatic-pulse-spray and gun-powder-pulse-spray technique:

– No limits for the use of fire-explosive able plants,

– No limits for usage because of orders for gun-powder and explosive,

– Effective spray & pulverization of extinguishing liquids, gels, powders,

– Long period of waiting, reliable, high-effective acting,

– Compact modules can be installed at various chemical industries, oil-refinery shops, pumping
stations, offshore oil-wells platform, oil and gas tanks, sea-ports oil terminals, petroleum &
liquids gas fitting stations, oil & gas pumping stations, machine-halls at nuclear power stations,

– Fast recharging, simple technical service, no need high-qualified service,

– Cheap production at civil plants, wide diapason of elements for assembly.
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It is generally accepted that depending on the level of the acting shear stress or rate of deformation 
two different modes of inelastic behavior of metals or alloys may be discerned. At low stress insufficient for 
overcoming different obstacles (Peierls barriers, foreign atoms, etc.) by moving dislocations and 
characteristic for routine quasi-static loading conditions, the rate of plastic deformation is controlled by 
thermal fluctuations whose help is required for maintaining dislocations in motion. The flow stress in this 
regime decreases with temperature while its dependence on strain rate is weak. As soon, as the shear stress  
acting in the material exceeds some threshold value *  the regime of plastic deformation, actually the mode 
of dislocation motion, changes drastically. The dislocation glide becomes an over-barrier one and the control 
of the dislocation motion is passed to the interaction of the dislocation core with lattice phonons, so-called 
phonon viscous drag [1 ]. An additional outcome of the transition from thermally activated to over-barrier 
glide is an abrupt increase, by factor of 5 – 6, of the material strain rates sensitivity. In pure BCC metals the 
transition stress *  is equal to the material’s Peierls stress P [ 2] whose normalized on shear modulus value  
P/G  is of about 10-3 [3]. Due to low value of Peierls stress, P/G ~10-5, such transition cannot be observed in 
pure FCC metals [2 and the references herein] but it can be observed in alloys based on FCC metals, such as, 
e.g., brass where either solid solution or short range order strengthening make the transition observable and, 
respectively, the stress * corresponding to these types of strengthening measurable. 

The technique employed for such measurements is so-called planar impact test in which plane-
parallel sample of the studied material is shock loaded by also plane-parallel impactor. High planarity of the 
impact provides accurately determined unidimensional loading conditions. Since the material 
compressibilities in elastic and plastic states are different the input stress pulse is split on elastic precursor 
wave of relatively low amplitude HEL (Hugoniot elastic limit) propagating through the sample with velocity 
close to the longitudinal speed of sound cl and the plastic wave whose amplitude is greater than HEL  while 
the propagation velocity is of about bulk speed of sound cb  cl. Propagation of elastic precursor wave 
through the sample is accompanied by conversion of the shear stress excess into plastic strain . As result, 
the amplitude of the precursor, HEL, decays with propagation distance h so, that [4] 

4

3
HEL

l

d G

dh c


   .           (1) 

The experimentally obtained dependences HEL (h) are fit reasonably well by power functions of the 
type HEL(h) =0(h/h0)


 (h0 1mm). When the factor controlling the dislocation motion is PD, the value of 

exponent  may vary between 0.35 and 0.7 [2, 5]. As soon as the control of the decay mechanism is passed 
from PD to TA, the value of  drops to ~ 0.1 or less [2, 5]. The stress * at which the PD-TA transition 
occurs characterizes the strength of the obstacles.  

In the case of pure BCC metals (Ta, V, Mo, Nb, Fe, W, Cr were studied) such obstacle is the Peierls 
barrier. Measuring the transition stress * at different temperatures allows obtaining the P(T) dependence 
unobtainable by any other technique. 

This technique was found to be applicable for quantitative determination of strengthening produces 
by special types of thermal treatment of FCC-based alloys. In particular, the technique made it possible to 
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quantify the interaction of solute Zn atom with dislocation in the cartridge brass (Cu+30%Zn) and to 
determine the effect of the short range order on this interaction [5]. 

Strengthening of aluminum alloy 6061 is caused by Guinier-Prestone (GP) zones, monoatomic 
layers of solute atomns of nanometer transversal dimensions whose periodicity is equal to that of aluminum 
lattice. 

The results of testing of 6061 alloy aged to the maximum GP strengthening are shown in Fig. 1. The 
change of the regime of the elastic precursor decay takes place at the propagation distance h*  0.78 mm and 
shear stress *

HEL  50 Mpa. For the propagation distances less than h* the decay rate virtually coincides with 
that found for pure aluminum [6], HEL ~ h, pointing to the over-barrier dislocation glide controlled by the 
phonon viscous drag. Beyond h* the decay exponent is much smaller, HEL ~ h and the decay is governed 
by the overcoming of the GP zones by moving dislocations. Estimating the activation volume associated 
with passage (cutting) the obstacle by dislocation gives Va  0.84×1027 m3.Taking into account that the 
"thickness" and the height of the GP zone cut by dislocation are of about of b  0.286 nm (aluminum Burgers 
vector) the average cut width is of about 10 nm. 

The above said proves that the shock wave experiment is an effective tool for studying microscopic 
processes responsible of plastic deformation of crystalline solids.   
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Figure 1. (a) Velocity histories recorded with peak-aged Al6061 samples of different thickness (given in 
mm directly on the curves). The value of uHEL used for estimating HEL is shown by arrow. (b) Presently 

obtained values of uHEL of peak-aged samples (filled circles) as a function of propagation distance h. Error 
bar displays typical uncertainty of HEL determination. Dashed lines correspond to power fits HEL(h) 

=0(h/h0)
 of experimental data. Point (*

HEL  50 MPa, h*  0.78 mm) corresponds to the change of the 
mechanism controlling the dislocation motion. 
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Pilsen
30614
Czech Republic
E-mail: rohan@kme.zcu.cz
Page: 101

Danijela Rostohar
HiLASE Centre, Institute of Physics, AS CR, v.v.i.
Na Slovance 1999/2
Prague
18221
Czech Republic
E-mail: rostohar@fzu.cz
Page:

Bohuslav Růžek
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